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1 Introduction
The concept of “table algebra” was introduced by Z. Arad and H. Blau in
[1] in order to study in a uniform way properties of products of conjugacy
classes and of irreducible characters of a finite group.
DEFINITION. A table algebra (A, B) is a finite dimensional, commu-
tative algebra A with identity element 1 over the complex numbers C, and
a distinguished base B = {b1 = 1, b2, ..., bk} such that the following prop-
erties hold ( where (bi, a) denotes the coefficient of bi in a ∈ A, a written
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as a linear combination of B; and where R∗ denotes R+ ∪ {0}, the set of
non-negative real numbers):
(I) For all i, j, m, bibj =
∑
m δijmbm with δijm a nonnegative real number.
(II) There is an algebra automorphism (denoted by −) of A, whose order
divides 2, such that bi ∈ B implies that b¯i ∈ B. ( Then i¯ is defined by
b¯i = b¯i).
(III) Hypothesis (II) holds and there is a function g:B × B → R+(the
positive reals) such that
(bm, bibj) = g(bi, bj) · (bi, b¯jbm),
where g(bi, bm) is independent of j for all i, j, m.
B is called the table basis of (A, B). Clearly 1 ∈ B, we always use
b1 to denote base element 1, and B
♯ to denote B \ {b1}. The elements of
B are called the irreducible components of (A, B), and nonzero non-
negative linear combinations of elements of B with coefficients in R+ are
called components. If a =
∑k
m=1 λmbm is a component (λm ∈ R
∗) then
Supp{a} = {bm|λm 6= 0} is called the set of irreducible constituents of
a. An element a ∈ A is called a real element if a = a¯.
Two table algebras (A, B) and (A′, B′) are called isomorphic (denoted
B ∼= B′) when there exists an algebra isomorphism ψ : A → A′ such that
ψ(B) is a rescaling ofB′; and the algebras are called exactly isomorphic(denoted
B ∼=x B
′) when ψ(B) = B′. So B ∼=x B
′ means that B and B′ yield the
same structure constants.
Proposition 2.2 of [1] shows that if (A, B) is a table algebra, then there
exists a basis B′, which consists of suitable positive real scalar multiples
b′i of the elements bi of B, g(b
′
i, b
′
j) = 1 for any b
′
i, b
′
j ∈ B
′. Such a ba-
sis B′ is called a normalized basis. Now Supp(b′i1b
′
i2
· · · b′it) consists of
the corresponding scalar multiples of Supp(bi1bi2 · · · bit), for any sequence
i1, i2, ..., it of indices. So in the proof of any proposition which identifies
the irreducible constituents of a product of basis elements, we may assume
that B is normalized.
Suppose that B is normalized. It follows from (III) and [1] Sect. 2 that
A has a positive definite Hermitian form, with B as an orthonormal basis,
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and such that
(a, bc) = (ab¯, c)
for all a, b, c ∈ RB.
It follows from Section 2 in [1] that there exists an algebra homomor-
phism f from A to C such that f(B) ⊆ R+. For an element b ∈ B, f(b) is
called the degree of b.
Each finite group G yields two natural table algebras: the table algebra
of conjugacy classes (denoted by (ZC (G), Cl(G))) and the table algebra of
generalized characters (denoted by (Ch(G), Irr(G)).
Both table algebras arising from group theory have an additional prop-
erty: their structure constants and degrees are non-negative integers. Such
algebras were defined in [9] as integral table algebras (abbrev. as ITA).
Each of the elements of a table algebra is contained in a unique table
subalgebra which may be considered as a table subalgebra generated by
this element. So it is natural to start the study of integral table algebras
from those which are generated by a single element. Normalized integral
table algebras (abbrev. as NITA) generated by an element of degree 2 were
completely classified by H. Blau in [5].
The finite linear groups in dimension n ≤ 7 have been completely clas-
sified. See Feit [15]. Deep theory and properties of finite groups are heavily
used for the proofs. For n=2, 3, 4 see Blichfeldt [11]. For n=5 see Brauer
[12]. For n=6 see Lindsey [18]. For n=7 see Wales [19]. In order to gener-
alize these results to normalized integral table algebra, the authors began
to classify normalized integral table algebras (A,B) generated by a faithful
non-real element of degree 3 and without nonidentity irreducible elements
of degree 1 or 2 in [13], and came to the following theorem:
Theorem 1.1. Let (A, B) be NITA generated by a non-real element b3 ∈ B
of degree 3 and without non-identity basis element of degree 1 or 2. Then
b3b¯3 = 1 + b8 and one of the following holds:
(1) (A, B) ∼=x (Ch(PSL(2, 7)), Irr(PSL(2, 7));
(2) b23 = b4 + b5, where b4 ∈ B and b5 ∈ B.
(3) b23 = b¯3 + b6, where b6 ∈ B nonreal;
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(4) b23 = c3 + b6, where c3, b6 ∈ B and c3 6= b3, b¯3;
The purpose of this paper is to investigate NITA generated by a non-real
element b3 and satisfies (2), (3) and (4) in Theorem 1.1. The following
theorem is proved:
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Main Theorem 1. Let (A, B) be NITA generated by a non-real element
b3 ∈ B of degree 3 and without non-identity basis element of degree 1 or 2.
Then b3b¯3 = 1 + b8, b8 ∈ B and one of the following hold:
(1) There exists a real element b6 ∈ B such that b
2
3 = b¯3 + b6 and
(A, B) ∼=x (Ch(PSL(2, 7)), Irr(PSL(2, 7));
(2) There exist b4, b5 ∈ B such that b
2
3 = b4 + b5, (b3b8, b3b8) = 3 and
(b24, b
2
4) = 3.
(3) There exist b6, b10, b15 ∈ B, where b6 is non-real such that
b23 = b¯3 + b6, b¯3b6 = b3 + b15, b3b6 = b8 + b10.
and (b3b8, b3b8) = 3. Moreover if b10 is real, then (A, B) ∼=x (CH (3 ·
A6), Irr (3 ·A6));
(4) There exist c3, b6 ∈ B, c3 6= b3, b¯3, such that b
2
3 = c3+ b6 and either
(b3b8, b3b8) = 3 or 4.
When (b3b8, b3b8) = 3. If c3 is non-real, then (A, B) is exactly isomor-
phic to (A(3 · A6 · 2), B32) (see Theorem 7.2). If c3 is real, then (A, B)
is exactly isomorphic to the NITA (A(7 · 5 · 10), B22) of dimension 22.(see
Theorem 8.1).
Proof. The theorem follows from Theorems 1.1, 3.1, 5.1, 7.2.
2 Two NITA Generated by a Non-real element of
Degree 3 not derived From a Group and Lem-
mas
Here are two examples of NITA not induced from group theory, which has
either 32 or 22 basis elements. The NITA of dimension 32 contains a subal-
gebra that is strictly isomorphic to the algebra of dimension 17 of characters
of the group 3 · A6, we denote it as (A(3 · A6 · 2), B32), where its basis is
B32.
For B32 there are three table subsets: {1} ⊆ C ⊆ D ⊆ B, where
C = {1, b8, x10, b5, c5, c8, x9},
D = C ∪ {c3, c¯3, d3, d¯3, c9, c¯9, b6, b¯6, y5, y¯15},
B32 = D ∪ {b3, b¯3, r3, x6, x¯6, s6, b9, b¯9, x15, x¯15, t15, d9, y3, z3, z¯3}.
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From the below equations one can check that B32 has the following table
subsets: {1} ⊆ C ⊆ E = C∪{r3, s6, t15, d9, y3} ⊆ B32. The table subsets
E and D are two maximal table subsets of B32.
The structure algebra constants of C.
b25 = 1 + x9 + x10 + b5,
b5c5 = c8 + b8 + x9,
b5c8 = c5 + c8 + b8 + x9 + x10,
b5b8 = c5 + c8 + b8 + x9 + x10,
b5x9 = c8 + c5 + b8 + b5 + x9 + x10,
b5x10 = c8 + b8 + x9 + b5 + 2x10,
c25 = 1 + x9 + x10 + c5,
c5c8 = b5 + c8 + b8 + x9 + x10,
c5b8 = b5 + c8 + b8 + x9 + x10,
c5x9 = b8 + c8 + b5 + c5 + x9 + x10,
c5x10 = b8 + c8 + x9 + c5 + 2x10,
b28 = 1 + b5 + c5 + c8 + 2b8 + x9 + 2x10,
b8x9 = b5 + c5 + 2c8 + b8 + 2x9 + 2x10,
b8x10 = b5 + c5 + 2c8 + 2b8 + 2x9 + 2x10.
c28 = 1 + b5 + c5 + 2c8 + b8 + x9 + 2x10,
c8b8 = b5 + c5 + c8 + b8 + 2x9 + 2x10,
c8x9 = b5 + c5 + c8 + 2b8 + 2x9 + 2x10,
c8x10 = b5 + c5 + 2c8 + 2b8 + 2x9 + 2x10,
x29 = 1 + b5 + c5 + 2c8 + 2b8 + 2x9 + 2x10,
x9x10 = b5 + c5 + 2c8 + 2b8 + 2x9 + 3x10,
x210 = 1 + 2b5 + 2c5 + 2c8 + 2b8 + 3x9 + 2x10,
The structure algebra constants of D(Since C ⊆ D we will not repeat
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the equations of C as shown above):
c3c¯3 = 1 + b8,
c23 = c¯3 + b¯6,
c3d3 = x9,
c3d¯3 = c¯9,
c3b6 = c¯3 + y¯15,
c3b¯6 = b8 + x10,
c3c9 = d3 + c¯9 + y¯15,
c3c¯9 = c8 + x9 + x10,
c3y15 = b¯6 + 2y¯15 + c¯9,
c3y¯15 = b5 + c5 + c8 + b8 + x9 + x10,
c3b8 = c3 + b6 + y15,
c3x10 = b6 + c9 + y15,
c3b5 = y15,
c3c5 = y15,
c3c8 = y15 + c9,
c3x9 = y15 + c9 + d¯3,
d3d¯3 = 1 + c8,
d23 = d¯3 + b6,
d3b6 = c8 + x10,
d3b¯6 = d¯3 + y15,
d3c9 = b8 + x9 + x10,
d3c¯9 = c3 + y15 + c9,
d3y15 = b5 + c5 + c8 + b8 + x9 + x10,
d3y¯15 = 2y15 + b6 + c9,
d3b8 = c¯9 + y¯15,
d3x10 = y¯15 + b¯6 + c¯9,
d3b5 = y¯15,
d3c5 = y¯15,
d3c8 = y¯15 + b6 + d3,
d3x9 = y¯15 + c¯3 + c¯9,
7
b6b¯6 = 1 + b5 + c5 + c8 + b8 + x9,
b26 = 2b¯6 + y¯15 + c¯9,
b6c9 = 2y¯15 + 2c¯9 + b¯6,
b6c¯9 = b5 + c5 + c8 + b8 + 2x9 + x10,
b6y¯15 = b5 + c5 + 2c8 + 2b8 + 2x9 + 3x10,
b6y15 = 4y¯15 + b¯6 + c¯3 + d3 + 2c¯9,
b6b5 = b6 + y15 + c9,
b6c5 = y15 + b6 + c9,
b6c8 = d¯3 + b6 + 2y15 + c9,
b6b8 = c3 + b6 + c9 + 2y15,
b6x9 = 2y15 + b6 + 2c9,
b6x10 = 3y15 + c3 + d¯3 + c9,
y15y¯15 = 1 + 3b5 + 3c5 + 5c8 + 5b8 + 6x9 + 6x10,
y215 = 9y¯15 + 4b¯6 + 2c¯3 + 2d3 + 6c¯9,
y15b5 = 3y15 + b6 + c3 + d¯3 + 2c9,
y15c5 = 3y15 + b6 + c3 + d¯3 + 2c9,
y15c8 = 5y15 + c3 + d¯3 + 2b6 + 3c9,
y15b8 = 5y15 + c3 + d¯3 + 2b6 + 3c9,
y15x9 = 6y15 + 2b6 + d¯3 + c3 + 3c9,
y15x10 = 6y15 + 3b6 + c3 + d¯3 + 4c9,
c9c¯9 = 1 + 2c8 + 2b8 + 2x9 + 2x10 + c5 + b5,
c29 = 3y¯15 + d3 + c¯3 + 2b¯6 + 2c¯9,
c9y15 = 6y¯15 + 2b¯6 + c¯3 + d3 + 3c¯9,
c9y¯15 = 2b5 + 2c5 + 3c8 + 3b8 + 3x9 + 4x10,
c9b5 = 2y15 + b6 + c9,
c9c5 = 2y15 + b6 + c9,
c9b8 = 3y15 + d¯3 + b6 + 2c9,
c9c8 = 3y15 + b6 + c3 + 2c9,
c9x9 = c3 + 2c9 + 3y15 + d¯3 + 2b6,
c9x10 = c3 + 2c9 + 4y15 + d¯3 + b6,
From the equations one can see that C and D are table subsets of B32.
Furthermore the NITA subalgebra (< D >, D) of dimension 17 is strictly
isomorphic to (CH(3 · A6), Irr(3 · A6)) while our NITA of dimension 32 is
not induced from a finite group G.
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The following equations give out other products of basis elements in B32:
b3b¯3 = 1 + b8,
b23 = c3 + b6,
b3r3 = c¯3 + b¯6,
b3x6 = c3 + y15,
b3x¯6 = b8 + x10,
b3s6 = c¯3 + y¯15,
b3b9 = y15 + c9 + d¯3,
b3b¯9 = x9 + c8 + x10,
b3x15 = b6 + 2y15 + c9,
b3x¯15 = b5 + c5 + b8 + c8 + x9 + x10,
b3t15 = b¯6 + c¯9 + 2y¯15,
b3d9 = c¯9 + y¯15 + d3,
b3y3 = c¯9,
b3z3 = x9,
b3z¯3 = c9,
b3b8 = b3 + x6 + x15,
b3x10 = x6 + x15 + b9,
b3b5 = x15,
b3c5 = x15,
b3c8 = x15 + b9,
b3x9 = z¯3 + b9 + x15,
b3c3 = r3 + s6,
b3c¯3 = b¯3 + x¯6,
b3d3 = b¯9,
b3d¯3 = d9,
b3c9 = t15 + d9 + y3,
b3c¯9 = b¯9 + x¯15 + z3,
b3b6 = r3 + t15,
b3b¯6 = b¯3 + x¯15,
b3y15 = s6 + 2t15 + d9,
b3y¯15 = x¯6 + 2x¯15 + b¯9.
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r23 = 1 + b8,
r3x6 = c¯3 + y¯15,
r3s6 = b8 + x10,
r3b9 = d3 + c¯9 + y¯15,
r3x15 = b¯6 + c¯9 + 2y¯15,
r3t15 = b5 + c5 + b8 + c8 + x9 + x10,
r3d9 = c8 + x9 + x10,
r3y3 = x9,
r3z3 = c9,
r3b8 = s6 + r3 + t15,
r3x10 = s6 + t15 + d9,
r3b5 = t15,
r3c5 = t15,
r3c8 = t15 + d9,
r3x9 = t15 + d9 + y3,
r3c3 = b¯3 + x¯6,
r3d3 = b9,
r3c9 = b¯9 + x¯15 + z3,
r3b6 = x¯15 + b¯3,
r3y15 = x¯6 + 2x¯15 + b¯9,
x26 = 2b6 + y15 + c9,
x6x¯6 = 1 + b8 + b5 + c5 + c8 + x9,
x6s6 = 2b¯6 + c¯9 + y¯15,
x6b9 = b¯6 + 2c¯9 + 2y¯15,
x6b¯9 = b5 + c5 + x10 + b8 + c8 + 2x9,
x6x15 = 4y15 + b6 + 2c9 + d3 + c3,
x6x¯15 = b5 + c5 + 2b8 + 3x10 + 2c8 + 2x9,
x6t15 = c¯3 + d3 + 2c¯9 + 4y¯15 + b¯6
x6d9 = b¯6 + 2c¯9 + 2y¯15,
x6y3 = d3 + y¯15,
x6z3 = x10 + c8.
x6z¯3 = d¯3 + y15,
x6b8 = b3 + x6 + 2x15 + b9,
x6x10 = b9 + b3 + z¯3 + 3x15,
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x6b5 = x6 + b9 + x15,
x6c5 = x6 + b9 + x15,
x6c8 = x6 + b9 + 2x15 + z¯3,
x6x9 = 2b9 + x6 + 2x15,
x6c3 = r3 + t15,
x6c¯3 = b¯3 + x¯15,
x6d3 = z3 + x¯15,
x6d¯3 = y3 + t15,
x6c9 = 2t15 + 2d9 + s6,
x6c¯9 = 2x¯15 + x¯6 + 2b¯9,
x6b6 = 2s6 + t15 + d9
x6b¯6 = 2x¯6 + b¯9 + x¯15,
x6y15 = r3 + 4t15 + s6 + 2d9 + y3,
x6y¯15 = b¯3 + z3 + x¯6 + 4x¯15 + 2b¯9,
s26 = 1 + b5 + c5 + b8 + c8 + x9,
s6b9 = b¯6 + 2c¯9 + 2y¯15,
s6x15 = c¯3 + d3 + b¯6 + 2c¯9 + 4y¯15,
s6t15 = b5 + c5 + 2b8 + 2c8 + 2x9 + 3x10,
s6d9 = b5 + c5 + 2x9 + b8 + c8 + x10,
s6y3 = c8 + x10,
s6z3 = d¯3 + y15,
s6b8 = r3 + s6 + 2t15 + d9,
s6x10 = r3 + y3 + d9 + 3t15,
s6b5 = s6 + d9 + t15,
s6c5 = s6 + t15 + d9,
s6c8 = y3 + s6 + d9 + 2t15,
s6x9 = s6 + 2d9 + 2t15,
s6c3 = b¯3 + x¯15,
s6d3 = z¯3 + x15,
s6c9 = x¯6 + 2b¯9 + 2x¯15,
s6b6 = 2x¯6 + b¯9 + x¯15,
s6y15 = b¯3 + z3 + 4x¯15 + x¯6 + 2b¯9.
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b9b¯9 = 1 + b5 + c5 + 2b8 + 2c8 + 2x9 + 2x10,
b29 = d¯3 + c3 + 2b6 + 2c9 + 3y15,
b9x15 = 6y15 + 3c9 + d¯3 + 2b6 + c3,
b9x¯15 = 2b5 + 2c5 + 3c8 + 3b8 + 4x10 + 3x9,
b9t15 = d3 + c¯3 + 6y¯15 + 3c¯9 + 2b¯6,
b9d9 = c¯3 + d3 + 2b¯6 + 2c¯9 + 3y¯15,
b9y3 = c¯3 + y¯15 + c¯9,
b9z3 = b8 + x9 + x10,
b9z¯3 = c9 + c3 + y15,
b9b8 = z¯3 + x6 + 2b9 + 3x15,
b9x10 = z¯3 + b3 + 2b9 + x6 + 4x15,
b9b5 = x6 + b9 + 2x15,
b9c5 = b9 + 2x15 + x6,
b9c8 = r3 + t15 + 2b9 + x6 + 2x15,
b9x9 = 2b9 + 3x15 + z¯3 + b3 + 2x6
b9c3 = t15 + d9 + y¯3,
b9c¯3 = z3 + b¯9 + x¯15,
b9d3 = b¯3 + b¯9 + x¯15,
b9d¯3 = r3 + t15 + d9
b9c9 = r3 + y3 + 2s6 + 2d9 + 3t15,
b9c¯9 = b¯3 + z3 + 2x¯6 + 3x¯15 + 2b¯9,
b9b6 = s6 + 2d9 + 2t15,
b9b¯6 = 2b¯9 + 2x¯15 + x¯6
b9y¯15 = 6x¯15 + b¯3 + z3 + 2x¯6 + 3b¯9,
b9y15 = r3 + y3 + 2s6 + 6t15 + 3d9
x215 = 2c3 + 2d¯3 + 4b6 + 6c9 + 9y15
x15x¯15 = 1 + 6x9 + 3b5 + 3c5 + 5b8 + 5c8 + 6x10
x15t15 = 4b¯6 + 6c¯9 + 9y¯15 + 2c¯3 + 2d3
x15d9 = c¯3 + d3 + 2b¯6 + 3c¯9 + 6y¯15
x15y3 = b¯6 + c¯9 + 2y¯15,
x15z¯3 = b6 + c9 + 2y15,
x15z3 = b5 + c5 + b8 + c8 + x9 + x10
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x15b8 = b3 + z¯3 + 2x6 + 5x15 + 3b9,
x15x10 = b3 + z¯3 + 3x6 + 4b9 + 6x15
x15b5 = z¯3 + b3 + x6 + 2b9 + 3x15
x15c5 = b3 + z¯3 + x6 + 2b9 + 3x15
x15c8 = b3 + z¯3 + 2x6 + 3b9 + 5x15
x15x9 = b3 + z¯3 + 2x6 + 3b9 + 6x15
x15c3 = 2t15 + s6 + d9,
x15c¯3 = 2x¯15 + x¯6 + b¯9
x15d3 = x¯6 + 2x¯15 + b¯9
x15d¯3 = s6 + 2t15 + d9,
x15c9 = r3 + y3 + 2s6 + 6t15 + 3d9
x15c¯9 = b¯3 + z3 + 3b¯9 + 2x¯6 + 6x¯15,
x15b6 = r3 + s6 + y3 + 2d9 + 4t15,
x15b¯6 = b¯3 + z3 + 2b¯9 + 4x¯15 + x¯6,
x15y15 = 2y3 + 2r3 + 4s6 + 6d9 + 9t15
x15y¯15 = 2z3 + 9x¯15 + 2b¯3 + 4x¯6 + 6b¯9.
t215 = 1 + 5b8 + 5c8 + 3b5 + 3c5 + 6x10 + 6x9
t15d9 = 2b5 + 2c5 + 3b8 + 3c8 + 3x9 + 4x10
t15y3 = b5 + c5 + b8 + c8 + x9 + x10
t15z3 = b6 + c9 + 2y15
t15b8 = r3 + y3 + 5t15 + 2s6 + 3d9
t15x10 = r3 + y3 + 4d9 + 3s6 + 6t15
t15b5 = r3 + y3 + s6 + 2d9 + 3t15
t15c5 = r3 + y3 + s6 + 2d9 + 3t15
t15c8 = r3 + y3 + 2s6 + 3d9 + 5t15
t15x9 = r3 + y3 + 3d9 + 2s6 + 6t15
t15c3 = x¯6 + b¯9 + 2x¯15,
t15d3 = x6 + b9 + 2x15
t15c9 = b¯3 + z3 + 3b¯9 + 2x¯6 + 6x¯15
t15b6 = b¯3 + z3 + x¯6 + 2b¯9 + 4x¯15
t15y15 = 2b¯3 + 2z3 + 4x¯6 + 6b¯9 + 9x¯15
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d29 = 1 + b5 + c5 + 2b8 + 2c8 + 2x9 + 2x10
d9y3 = x9 + b8 + x10,
d9z3 = c3 + c9 + y15,
d9b8 = y3 + s6 + 2d9 + 3t15,
d9x10 = y3 + r3 + s6 + 2d9 + 4t15
d9b5 = s6 + d9 + 2t15
d9c5 = s6 + d9 + 2t15
d9c8 = r3 + s6 + 2d9 + 3t15
d9x9 = r3 + y3 + 2s6 + 2d9 + 3t15
d9c3 = b¯9 + z3 + x¯15,
d9d3 = b3 + b9 + x15
d9c9 = b¯3 + z3 + 2x¯6 + 2b¯9 + 3x¯15
d9b6 = x¯6 + 3b¯9 + 2x¯15,
d9y15 = b¯3 + z3 + 2x¯6 + 3b¯9 + 6x¯15
y23 = 1 + c8,
y3z3 = d¯3 + b6,
y3b8 = d9 + t15,
y3x10 = s6 + t15 + d9,
y3b5 = t15,
y3c5 = t15,
y3c8 = s6 + t15 + y3,
y3x9 = t15 + d9 + r3,
y3c3 = b¯9,
y3d3 = x6 + z¯3,
y3c9 = b¯3 + b¯9 + x¯15,
y3b6 = x¯15 + z3,
y3y15 = x¯6 + b¯9 + 2x¯15.
z3z¯3 = 1 + c8,
z23 = d3 + b¯6,
z3b8 = b¯9 + x¯15,
z3x10 = x¯6 + b¯9 + x¯15,
z3b5 = x¯15,
z3c5 = x¯15,
z3c8 = x¯6 + x¯15 + z3,
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z3x9 = b¯3 + b¯9 + x¯15
z3c3 = b9
z3c¯3 = d9,
z3d3 = s6 + y3,
z3d¯3 = z¯3 + x6,
z3c9 = b3 + b9 + x15,
z3c¯9 = r3 + d9 + t15,
z3b6 = z¯3 + x15
z3b¯6 = y3 + t15,
z3y15 = x6 + b9 + 2x15,
z3y¯15 = s6 + 2t15 + d9.
Now let us see the following example of NITA of dimension 22, which
satifies b23 = r3 + s6, r3 is real, denoted as (A(7 · 5 · 10), B22), where B22 =
{1, b8, x10, b5, c5, c8, x9, r3, y3, s6, t15, d9, b3, b¯3, t6, t¯6, b15, b¯15, y9, y¯9, x3, x¯3}.
The interesting thing is that this example also contains table subsets:
{1} ⊆ C ⊆ E ⊆ B22,
where C and E are the same as defined in the previous example of dimension
32. In particular both examples of dimensions 22 and 32 contain each the
same sub-table algebra of dimension 12 generated by the basis E. Also E
is a maximal table subset of B22. The equations of products of the basis
elements of C and E are as in the example of A(3 · A6 · 2, 32) described
above..
b3b¯3 = 1 + b8,
b23 = r3 + s6,
b3t6 = b8 + x10,
b3t¯6 = r3 + t15,
b3b15 = 2t15 + s6 + d9,
b3b¯15 = b8 + x10 + b5 + c5 + c8 + x9,
b3y9 = t15 + d9 + y3,
b3y¯9 = c8 + x9 + x10,
b3x3 = d9,
b3x¯3 = x9,
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b3b8 = b3 + t¯6 + b15,
b3x10 = b15 + t¯6 + y9,
b3b5 = b15,
b3c5 = b15,
b3c8 = b15 + y9,
b3x9 = b15 + y9 + x3,
b3r3 = b¯3 + t6,
b3y3 = y¯9,
b3s6 = b¯3 + b¯15,
b3t15 = 2b¯15 + t6 + y¯9,
b3d9 = b¯15 + y¯9 + x¯3.
t6t¯6 = 1 + b5 + c5 + b8 + c8 + x9,
t26 = 2s6 + t15 + d9,
t6b15 = 2b8 + 2c8 + b5 + c5 + 3x10 + 2x9,
t6b¯15 = c3 + b6 + 4t15 + y3 + 2d9,
t6y9 = b8 + b5 + c5 + c8 + 2x9 + x10,
t6y¯9 = s6 + 2d9 + 2t15,
t6x3 = x10 + c8,
t6x¯3 = t15 + y3,
t6b8 = b¯3 + 2b¯15 + t6 + y¯9,
t6x10 = 3b¯15 + y¯9 + b¯3 + x¯3,
t6b5 = b¯15 + t6 + y¯9,
t6c5 = b¯15 + t6 + y¯9,
t6c8 = 2b¯15 + t6 + y¯9 + x¯3,
t6x9 = 2b¯15 + t6 + 2y¯9,
t6r3 = b15 + b3,
t6y3 = b15 + x3,
t6s6 = 2t¯6 + b15 + y9,
t6t15 = 2y9 + x3 + b3 + t¯6 + 4b15,
t6d9 = 2y9 + 2b15 + t¯6.
b15b¯15 = 1 + 3b5 + 3c5 + 5b8 + 5c8 + 6x10 + 6x9,
b215 = 2r3 + 2y3 + 4s6 + 6d9 + 9t15,
b15y9 = r3 + y3 + 2s6 + 3d9 + 6t15,
b15y¯9 = 2b5 + 2c5 + 3b8 + 3c8 + 3x9 + 4x10,
b15x3 = s6 + 2t15 + d9,
b15x¯3 = c5 + c8 + x9 + b8 + x10 + b5,
b15b8 = 5b15 + 3y9 + x3 + b3 + 2t¯6,
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b15x10 = 6b15 + 4y9 + b3 + x3 + 3t¯6,
b15b5 = b3 + x3 + t¯6 + 2y9 + 3b15,
b15c5 = 3b15 + 2y9 + b3 + x3 + t¯6,
b15c8 = 5b15 + 3y9 + x3 + b3 + 2t¯6,
b15x9 = 6b15 + 3y9 + x3 + b3 + 2t¯6,
b15r3 = 2b¯15 + t6 + y¯9,
b15y3 = 2b¯15 + y¯9 + t6,
b15s6 = 4b¯15 + 2y¯9 + b¯3 + x¯3 + t6,
b15t15 = 9b¯15 + 6y¯9 + 2b¯3 + 2x¯3 + 4t6,
b15d9 = 6b¯15 + 3y¯9 + b¯3 + x¯3 + 2t6.
y9y¯9 = 1 + b5 + c5 + 2b8 + 2c8 + 2x9 + 2x10,
y29 = r3 + y3 + 2s6 + 2d9 + 3t15,
y9x3 = r3 + d9 + t15,
y9x¯3 = b8 + x10 + x9,
y9b8 = t¯6 + 2y9 + 3b15 + x3,
y9x10 = t¯6 + 2y9 + b3 + x3 + 4b15,
y9b5 = t¯6 + y9 + 2b15,
y9c5 = t¯6 + y9 + 2b15,
y9c8 = 3b15 + b3 + 2y9 + t¯6,
y9x9 = 2t¯6 + 2y9 + 3b15 + x3 + b3,
y9r3 = b¯15 + y¯9 + x¯3,
y9y3 = b¯15 + b¯3 + y¯9,
y9s6 = 2b¯15 + t6 + 2y¯9,
y9t15 = 6b¯15 + 2t6 + b¯3 + 3y¯9 + x¯3,
y9d9 = 3b¯15 + 2t6 + b¯3 + 2y¯9 + x¯3.
x3x¯3 = 1 + c8,
x23 = s6 + y3,
x3b8 = b15 + y9,
x3x10 = b15 + t¯6 + y9,
x3b5 = b15,
x3c5 = b15,
x3c8 = x3 + b15 + t¯6,
x3x9 = b3 + y9 + b15,
x3r3 = y¯9,
x3y3 = x¯3 + t6,
x3s6 = b¯15 + x¯3,
x3t15 = 2b¯15 + t6 + y¯9,
x3d9 = b¯15 + b¯3 + y¯9.
17
Table 1: NITA (A(3 ·A6 · 2), B32)
The powers of b3 contituents of the powers Basis of quotient of B32/C
b23 c3, b6 C = {1, b8, x10, b5, c5, c8, x9}
b33 r3, s6, t15 Cb3 = {b3, x6, x15, b9, z¯3}
b43 c¯3, b¯6, y¯15, c¯9 Cb¯3 = {b¯3, x¯6, x¯15, b¯9, z3}
b53 b¯3, x¯6, x¯15, b¯9, z3 Cr3 = {r3, t15, d9, y3, s6}
b63 1, b8, x10, b5, c5, c8, x9 Cc3 = {c3, b6, y15, c9, d¯3}
b73 b3, x6, x15, b9, z¯3 Cc¯3 = {c¯3, b¯6, y¯15, c¯9, d3}
b83 c3, b6, y15, c9, d¯3
b93 r3, s6, t15, d9, y3
b103 c¯3, b¯6, y¯15, c¯9, d3
If we define in a table algebra (A, B) for R, S ⊆ B,
R ∗ S = {∪Supp(R · S)|r ∈ R, s ∈ S},
then: Cb3 ∗ Cb¯3 = Cr
2
3 = Cc3 ∗ Cc¯3 = C, C is identity. (Cb3)
2 = Cc¯3,
Cb3 ∗ Cc3 = Cr3, Cb3 ∗ Cc¯3 = Cb¯3 and Cb3Cr3 = Cc¯3. For the definitions
of abelian table algebra, quotient of table algebra and its basis and the sub-
table algebra generated by an element b ∈ B denoted by < b >= Bb see [1]
and [9]. Also the definitions of linear and faithful element b ∈ B are found
there.
One can derived from our table that B32 = ∪
10
i=1Bb
i
3 = ∪
∞
i=0Bb
i
3 and b3
is a faithful element of B32 generates B32. Also the quotient table algebra
with basis B32/C is strictly isomorphic the table algebra induced by the
cyclic group Z6 of order 6.
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Table 2: NITA (A(7 · 5 · 10), B22)
The powers of b3 new contituents of the powers Basis of quotient of B32/C
b23 r3, s6 C = {1, b8, x10, b5, c5, c8, c9}
b33 b¯3, t6, b¯15 Cb¯3 = {b¯3, t6, b¯15, y¯9, x¯3}
b43 1, b8, x10, b5, c5, c8, x9 Cr3 = {r3, s6, t15, d9, y3}
b53 b3, t¯6, b15, y9, x3 Cb3 = {b3, t¯6, b15, y9, x3}
b63 r3, s6, t15, d9, y15, y3
b73 b¯3, t6, b¯15, y¯9, x¯3
One can derived from this table that B22 = ∪
7
i=1Bb
i
3 = ∪
∞
i=0Bb
i
3 and b3
is a faithful element of B22 generates B22. Also the quotient table algebra
with basis B22/C is strictly isomorphic to the table algebra induced by the
cyclic group Zn of order 4.
In order to prove Main Theorems, the following fact is frequently used:
Lemma 2.1. Let em, fm, un, vn ∈ B such that eme¯m = fmf¯m. Then
(emun, emun) = (e¯mun, e¯mun) = (fmvn, fmvn) = (f¯mvn, f¯mvn).
Proof. (1) follows from (emun, emun) = (eme¯m, unu¯n) = (fmf¯m, unu¯n) =
(fmun, fmun).
Notice that t3t¯3, b8), (s4s¯4, b8) ≤ 1, we come to (2).
Lemma 2.2. Let b3, t3, s4 ∈ B, b3b¯3 = 1 + b8. Then (b3t3, b3t3),
(b3s4, b3s4) ≤ 2. If (b3t3, b3t3) = 2, then t3t¯3 = 1 + b8.
Proof. If (b3x4, b3x4) ≥ 3, then (x4x¯4, b8) ≥ 2 for b3b¯3 = 1 + b8, a
contradiction. (1) follows.
If (b3c3, b3c3) = 2, then (b3b¯3, c3c¯3) = 2. (2) follows from b3b¯3 = 1+ b8.
3 NITA Generated by b3 and Satisfying b
2
3 = b4+ b5
In this section, we shall investigate NITA generated by b3 and satisfying
b23 = b4 + b5 and come to the following theorem:
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Theorem 3.1. Let (A, B) be NITA generated by a non-real element b3 ∈ B
of degree 3 and without non-identity basis element of degree 1 or 2. Then
b3b¯3 = 1 + b8, b8 ∈ B. Assume that b
2
3 = b4 + b5, b4 ∈ B and b5 ∈ B. Then
(b¯5b5, b8) = 1, (b
2
4, b
2
4) = 3 and (b3b8, b3b8) = 3.
Now we start to investigate NITA satifying
b3b¯3 = 1 + b8, (1)
b23 = b4 + b5. (2)
The Proof of this theorem is in the rest of this section.
Based on the above equations, one may set that
b¯3b4 = b3 + b9, some b9 ∈ N
∗B. (3)
Since (b4b¯4, b8) ≤ 1, we have that (b¯3b4, b¯3b4) = 2, b9 ∈ B and
b4b¯4 = 1 + b8 + c7, where c7 ∈ N
∗B. (4)
Collecting the above equations, checking the associative laws for basis
elements and making necessary assumptions, we have the following equa-
tions:
Lemma 3.1. The following equations always hold:
b¯3b4 = b3 + b9,
b4b¯4 = 1 + b8 + c7, c7 ∈ N
∗B
b¯3b5 = b3 + x12, x12 ∈ N
∗B assumption,
b3b8 = b3 + b9 + x12 calculating b
2
3b¯3 = b3(b3b¯3),
b3c7 = b9 + f12, f12 ∈ N
∗B, assumption,
b4b¯9 = b3 + b9 + x12 + f12, calculating b3(b¯4b4) = (b3b¯4)b4,
b4b8 = b5 + b3b9 calculating b3(b¯3b4) = (b3b¯3)b4,
b¯4b5 = b8 + z12, z12 ∈ N
∗B assumption,
b¯3b9 = c7 + b8 + z¯12 calculating b¯
2
3b4 = b¯3(b¯3b4),
b28 = 1 + c7 + b8 + z¯12 + b¯3x12 calculating (b3b¯3)b8 = (b3b8)b¯3,
b8c7 = b8 + z¯12 + b¯3f12 calculating (b3b¯3)c7 = (b3b7)b¯3,
b5b¯9 = b9 + b3z12, calculating (b¯3b4)b¯5 = b¯3(b4b¯5),
b9b¯9 = 1 + b8 − z12 + z¯12 + b¯3f12 + b¯3x12 caculating (b4b¯4)b8 = b¯4(b4b8).
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Proof. Based on the known equations, checking associative laws one by
one and making necessary assumptions, one can easily come to the equations
above. Here is the proof of the last equation. It follows from
(b4b¯4)b8 = b8 + b
2
8 + b8c7
= b8 + 1 + c7 + b8 + z¯12 + b¯3x12 + b8 + z¯12 + b¯3f12,
b¯4(b4b8) = b¯4b5 + (b¯4b3)b9
= b¯4b5 + b¯3b9 + b9b¯9
= b8 + z12 + c7 + b8 + z¯12 + b9b¯9.
Obviously (b5b¯5, b8) ≤ 3, c7 is either c3 + c4 or irreducible.
If c7 6∈ B, then there exist c3, c4 ∈ B such that c7 = c3 + c4. At first we
have the following lemma:
Lemma 3.2. There exits no NITA generated by b3 and satisfying b3b¯3 =
1 + b8, b
2
3 = b4 + b5 and c7 = c3 + c4.
Proof. By the assumption, we have that
b4b¯4 = 1 + b8 + c3 + c4. (5)
Then
b23b¯4 = b4b¯4 + b5b¯4
= 1 + c3 + c4 + b8 + b¯4b5,
b3(b3b¯4) = b3b¯3 + b3b¯9
= 1 + b8 + b3b¯9.
Hence (c3, b3b¯9) = (c4, b3b¯9) = 1. Therefore
b3c3 = b9, (6)
b3c4 = d3 + b9, some d3 ∈ B, d3 6= b3. (7)
Now one has (b3d¯3, c4) = 1. Then
b3d¯3 = c4 + d5, some d5 ∈ B, (8)
from which (b3b¯3, d3d¯3) = 2 follows. Hence
d3d¯3 = 1 + b8. (9)
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By (5), we have that (b4c3, b4) = 1. Let
b4c3 = b4 + y8, y8 ∈ N
∗B. (10)
Since (b3b¯3)c3 = c3+ c3b8, b¯3(b3c3) = b¯3b9, one has that b¯3b9 = c3+ c3b8.
But (c4, b¯3b9) = 1. Then (c4, c3b8) = 1 and so (c4c3, b8) = 1. Thus
c3c4 = x4 + b8, some x4 ∈ B. (11)
By (10) we have that
2 ≤ (b4c3, b4c3) = (b4b¯4, c
2
3) = (1 + c3 + c4 + b8, c
2
3),
which implies that c23 equals one of
1 + b8, 1 + c3 + x5, 1 + c4 + y4, 1 + 2c4.
By (11), we know that c23 cannot be 1 + c4 + y4 or 1 + 2c4. And by (6),
c23 6= 1 + b8. Hence
c23 = 1 + c3 + x5. (12)
Therefore (b4c3, b4c3) = (c
2
3, b4b¯4) = 2, which implies that y8 ∈ B.
By Lemma 3.1, (8) and (9), we have
b3(b3b¯3) = b3 + b3b8 = 2b3 + b9 + x12,
b¯3(b
2
3) = b¯3b4 + b¯3b5 = b3 + b9 + b¯3b5,
(b3d¯3)d3 = c4d3 + d5d3.
Hence b3b8 = b9 + b¯3b5, and b9 ∈ Supp{c4d3 + d5d3}.
Assume that b9 ∈ Supp{d3d5}. By (8), it follow that
d3d5 = b9 + b3 + l3, l3 ∈ B,
b¯3b5 = c4d3 + l3,
so that b3b8 = b9 + l3 + c4d3, which implies that b8 ∈ Supp{b3l¯3}. Hence
l3 = b3. So (d3d5, b3) = 3, which implies that (b4d¯3, d5) = 2, a contradiction
to (8). Thus b9 ∈ Supp{c4d3} and
c4d3 = b3 + b9. (13)
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Thus (d3d¯3, c
2
4) = 2, we may assume that
c24 = 1 + b8 + f7, some f7 ∈ N
∗B. (14)
Then c4 6∈ Supp{c4x5}. Otherwise, c4 ∈ Supp{c4x5}, which implies that
x5 ∈ Supp{c
2
4}, and so f7 = x5 + x2, a contradiction.
Since
c23c4 = c4 + c3c4 + x5c4
= c4 + x4 + b8 + c4x5,
c3(c3c4) = c3b8 + c3x4,
we have that
c3b8 + c3x4 = c4 + x4 + b8 + c4x5.
But left side of the above equation contains two c4 by (11). Hence c4 = x4
by c4 6∈ Supp{c4x5}. Therefore
c3c4 = b8 + c4, (15)
which implies that (c24, c3) = 1 and
c24 = 1 + b8 + c3 + e4, some e4 ∈ B.
Now we have following equations
b3c
2
4 = b3 + b3b8 + b3c3 + b3e4
= 2b3 + 2b9 + x12 + b3e4,
By (7) and (13) c4(b3c4) = c4b9 + c4d3
= c4b9 + b9 + b3.
Then c4b9 = b3 + b9 + x12 + b3e4. Since d3 ∈ Supp{c4b9}, one has that
d3 ∈ Supp{x12} or b3e4.
If d3 ∈ Supp{x12}, then d3 ∈ Supp{b3b8}, which implies that b3d¯3 =
1 + b8. Thus b3 = d3, which implies that b3b¯3 = c4 + d5, a contradiction.
Hence d3 ∈ Supp{b3e4}, e4 ∈ Supp{b3d¯3}. Therefore by (8) e4 = c4 and
by (7) c24 = 1 + c3 + c4 + b8 = b4b¯4,
c4b9 = b3 + d3 + 2b9 + x12.
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Furthermore
b3c
2
4 = b3 + b3b8 + b3c4 + b3c3
= b3 + b3 + b9 + x12 + d3 + b9 + b9,
(b3b¯4)b4 = b¯3b4 + b¯9b4
= b3 + b9 + b4b¯9,
(b3c4)c4 = c4b9 + d3c4
= c4b9 + b3 + b9.
Thus
b4b¯9 = b3 + d3 + 2b9 + x12 = c4b9.
Hence by (6) (b3c3)c4 = b9c4 = b3+ d3+2b9+x12. But by (7) (b3c4)c3 =
c3b9 + c3d3.
Since d3 6∈ Supp{c3d3}, we have that d3 ∈ Supp{c3b9}
c3d3 = b9,
c3b9 = b3 + d3 + b9 + x12. (16)
Therefore (b3c3, c3d3) = 1, so (b3d¯3, c
2
3) = 1. By (8) and (12), we have that
(b3d¯3, x5) = 1, which implies that x5 = d5. Consequently d5 is real. Then
b3d¯3 = c4 + d5 = b¯3d3,
c23 = 1 + c3 + d5.
Moreover (b23, d
2
3) = (b3d¯3, b¯3d3) = 2. So
d23 = 1 + 2b4 or b4 + b5.
Since (9) implies that d3 is non-real. So
d23 = b4 + b5.
By (8), we may set that
b¯3d5 = d¯3 + u12, u12 ∈ N
∗B.
Then
b¯3c
2
3 = b¯3 + b¯3c3 + b¯3d5
= b¯3 + b¯9 + d¯3 + u12,
(b¯3c3)c3 = c3b¯9.
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Thus
c3b9 = b3 + d3 + b9 + u¯12.
Hence x12 = u¯12 by (16) and so b3d5 = d3+x12. Since c4c
2
3 = c4+c3c4+d5c4
and c3(c3c4) = c3c4 + c3b8 by (15), we have that
c3b8 = c4 + c4d5.
Now, by c24 = b4b¯4, we have that
c3c
2
4 = c3 + c
2
3 + c3c4 + c3b8
= c3 + 1 + c3 + d5 + c4 + b8 + c4 + c4d5,
(c3b4)b¯4 = b4b¯4 + y8b¯4
= 1 + c3 + c4 + b8 + b¯4y8.
So
b¯4y8 = c3 + c4 + d5 + c4d5.
We have known that y8 is irreducible, then (c4b4, y8) = 1. But (b4c4, b4c4) =
4. Hence (c4b4 − y8, c4b4 − y8) = 3, which is impossible for L1(B) = {1}
and L2(B) = ∅. The lemma follows.
Now we begin to investigate NITA such that c7 ∈ B based on the value
of (b5b¯5, b8).
Lemma 3.3. There exits no NITA such that c7 ∈ B and (b5b¯5, b8) = 3.
Proof. It is easy to see that (b5b¯5, b8) = 3 implies that (b¯3b5, b¯3b5) = 4.
By Lemma 3.1, we may assume that
x12 = x+ y + z, x, y, z ∈ B,
b¯3b5 = b3 + x+ y + z,
b3b8 = b3 + b9 + x+ y + z.
By the last equation above, one has that b8 is contained in b¯3x, b¯3y and b¯3z.
Hence no one of x, y and z has degree 3. Therefore
x12 = x4 + y4 + z4,
b¯3x4 = r4 + b8, some r4 ∈ B,
b¯3y4 = s4 + b8, some s4 ∈ B,
b¯3z4 = t4 + b8, some t4 ∈ B.
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Furthermore b3x4, b3y4 and b3z4 have exactly two constituents. Let
b3x4 = b5 + r7, some r7 ∈ B,
b3y4 = b5 + s7, some s7 ∈ B,
b3z4 = b5 + t7, some t7 ∈ B.
Since
b¯3(b3x4) = b¯3b5 + b¯3r7
= b3x4 + y4 + z4 + b¯3r7,
b3(b¯3x4) = b3b8 + b3r4
= b3 + b9 + x4 + y4 + z4 + b3r4,
we have that b¯3r7 = b9 + b3r4. By the same reasoning we have that b¯3s7 =
b9 + b3s4 and b¯3t7 = b9 + b3t4. Hence r7, s7, t7 ∈ Supp{b3b9}.
If r7, s7 and t7 are distinct, then
b3b9 = b4 + r7 + s7 + t7 + e2, some e2 ∈ B,
a contradiction. Hence at least two of r7, s7 and t7 are equal, without loss of
generality, let r7 = s7. Then (b3x4, b3y4) = (b¯3x4, b¯3y4) = 2. Thus r4 = s4.
BY Lemma 3.1, we have
b28 = 1 + 4b8 + c7 + z12 + 2r4 + t4.
So z¯12 = 2r4 + t4. Lemma 3.1 implies that
b¯3b9 = c7 + b8 + 2r4 + t4.
Then (b¯3b9, r4) = (b9, b3r4) ≥ 2, a contradiction, which lemma follows from.
Lemma 3.4. There exits no NITA such that c7 ∈ B and (b5b¯5, b8) = 2.
Proof. Suppose that (b5b¯5, b8) = 2. Let
b5b¯5 = 1 + 2b8 + d8, some d8 ∈ N
∗B.
Since (b¯3b5, b¯3b5) = (b3b¯3, b5b¯5) = 3, by Lemma 3.1, we have that x12 =
x+ y and
b¯3b5 = b3 + x+ y,
b3b8 = b3 + b9 + x+ y.
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Thus b8 ∈ Supp{b¯3x}, Supp{b¯3y}, which implies that degrees of x and y
are ≥ 4. We have three possibilities: (f(x), f(y)) = (4, 8), (5, 7), (6, 6).
We shall divide the proof into three propositions. And the lemma follows
from Proposition 3.1, 3.2, 3.3.
Proposition 3.1. No NITA such that b5b¯5 = 1+2b8+d8 and (f(x), f(y)) =
(4, 8).
Proof. Assume (f(x), f(y)) = (4, 8). Then x12 = x4 + y8 and we may
set
b¯3x4 = b8 + x
′
4, x
′
4 ∈ B,
b¯3y8 = b8 + y16, y16 ∈ N
∗B, (17)
Then
b28 = 1 + c7 + 3b8 + x
′
4 + z¯12 + y16.
Hence
(b3b¯3)
2 = 2 + 5b8 + c7 + x
′
4 + z¯12 + y16,
b23b¯
2
3 = b4b¯4 + b4b¯5 + b¯4b5 + b5b¯5
= 1 + b8 + c7 + b4b¯5 + b¯4b5 + 1 + 2b8 + d8,
so z12 + d8 = x
′
4 + y16.
Now two cases appear, x′4 ∈ Supp{d8} or x
′
4 6∈ Supp{d8}.
Case I. Suppose that x′4 ∈ Supp{z12}. Then there exists s8 such that
z12 = x
′
4 + s8,
y16 = d8 + s8.
Since (b¯4b5, b¯4b5) = (b4b¯4, b5b¯5) = 3, we have that s8 ∈ B and
b¯3b9 = c7 + b8 + x¯′4 + s¯8.
Hence b9 ∈ Supp{b3x
′
4}, which means that (b3x¯
′
4, b3x¯
′
4) = 2. So (b3x
′
4, b3x
′
4) =
2. Since b¯3x4 = b8 + x
′
4, we may set b3x¯
′
4 = a3 + b9 and b3x
′
4 = x4 +
e8, some a3, e8 ∈ B.
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Suppose that b3a¯3 = x
′
4 + l5, some l5 ∈ B. Then
b3(b¯3x
′
4) = b3b¯9 + b3a¯3
= c7 + b8 + x
′
4 + s8 + x
′
4 + l5,
b¯3(b3x
′
4) = b¯3x4 + b¯3e8
= b8 + x
′
4 + b¯3e8.
Hence
b¯3e8 = c7 + s8 + x
′
4 + l5.
Therefore e8 ∈ Supp{b3c7}. Let b3c7 = b9 + e8 + e4, e4 ∈ B. By (b3b¯3)a¯3 =
b¯3(b3a¯3), we come to
a¯3b8 = b¯9 + b¯3l5.
Since (a¯3b8, a¯3b8) = (a3a¯3, b
2
8) = (b3b¯3, b
2
8) = 4, we have that (b¯3l5, b¯3l5) =
3. So (b3l5, b3l5) = 3. Let
b3l5 = e8 + α3 + β4,
where α3, β4 ∈ B. Obviously α3 6= b3.
b3(b¯3e8) = b3c7 + b3b8 + b3x
′
4 + b3l5
= 2b9 + 3e8 + e4 + b3 + 2x4 + y8 + α3 + β4,
(b3b¯3)e8 = e8 + e8b8.
Then
e8b8 = 2b9 + 2e8 + e4 + b3 + 2x4 + y8 + α3 + β4.
Hence e8 ∈ Supp{b3b8}, which implies that e8 = y8. Hence b3c7 = b9+y8+e4,
so that c7 ∈ Supp{b¯3y8}, which implies that c7 ∈ Supp{y16} = {d8, s8}, a
contradiction.
Case II. NITA satisfying x′4 ∈ Supp{d8}.
If x′4 ∈ d8, then d8 = x
′
4 + x¯
′
4 (x
′
4 maybe real). Then
b5b¯5 = 1 + 2b8 + x
′
4 + x¯
′
4.
Hence y16 = x¯
′
4 + z12 and
b28 = 1 + c7 + 3b8 + x
′
4 + x¯
′
4 + z12 + z¯12, (18)
b¯3y8 = b8 + x¯
′
4 + z12, (19)
b9b¯9 = 1 + 3b8 + x
′
4 + z12 + x¯
′
4 + b¯3f12, (20)
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by (17). Therefore (y8, b3x¯
′
4) = 1. Let
b3x¯
′
4 = y8 + t4, b3x
′
4 = x4 + j8, where t4, j8 ∈ B. (21)
Since
b3(b5b¯5) = b3 + 2b3b8 + b3x
′
4 + b3x¯
′
4
= 3b3 + 3b9 + 2x4 + 3y8 + t4 + x4 + j8,
b5(b3b¯5) = b5b¯3 + b5x¯4 + b5y¯8
= b3 + x4 + y8 + b5x¯4 + b5y¯8.
we have that
x¯4b5 + y¯8b5 = 2b3 + 2b9 + 2x4 + 2y8 + t4 + j8.
Since
x′4(b¯3b4) = b3x
′
4 + b9x
′
4
= x4 + j8 + b9x
′
4,
(b¯3x
′
4)b4 = y¯8b4 + t¯4b4,
we have that x4 ∈ Supp{b4y¯8} or Supp{t¯4b4}.
We assert that x4 ∈ Supp{b4t¯4}. Otherwise x4 ∈ Supp{b4y¯8}, and y8 ∈
Supp{b4x¯4}. But b9 ∈ Supp{b4x¯4} by Lemma 3.1, a contradiction. Hence
x4 ∈ Supp{b4t¯4}, which implies that t4 ∈ Supp{b4x¯4}. Therefore
b4x¯4 = t4 + b9 + r3, r3 ∈ B. (22)
Since
b¯3(b4b8) = b¯3b5 + b¯3(b3b9)
= b3 + x4 + y8 + b9 + b3(b¯3b9)
= b3 + x4 + y8 + b9 + b3c7 + b3b8 + b3z¯12
= b3 + x4 + y8 + b9 + b9 + f12 + b3 + x4 + y8 + b9 + b3z¯12,
b4(b¯3b8) = b4b¯3 + b4x¯4 + b4y¯8 + b4b¯9
= b3 + b9 + t4 + b9 + r3 + b4y¯8 + b3 + b9 + x4 + y8 + f12,
(b¯3b4)b8 = b3b8 + b8b9
= b3 + x4 + y8 + b9 + b8b9,
we have that
x′4b8 = b8 + z12 + b3t¯4,
b8b9 = b3 + x4 + y8 + b9 + y12 + b3z¯12,
b4y¯8 + b9 + t4 + r3 = x4 + y8 + b3z¯12
We continue the proof based on t4 = x4 or t4 6= x4.
Subcase I. No NITA such that t4 = x4.
If t4 = x4, then (x4, b3x¯
′
4) = 1 by b3x¯
′
4 = y8 + t4, which implies that
x′4 ∈ Supp{b3x¯4} = {b8, x¯
′
4}. And b¯3t4 = b¯3x4 = b8 + x
′
4. Hence x
′
4 is real
and
b5b¯5 = 1 + 2b8 + 2x
′
4, (23)
b3x
′
4 = x4 + y8. (24)
Thus
b¯3(b3x
′
4) = b¯3y8 + b¯3x4
= b8 + x
′
4 + z¯12 + b8 + x
′
4,
(b3b¯3)x
′
4 = x
′
4 + x
′
4b8.
So
x′4b8 = x
′
4 + 2b8 + z12.
Since
b3(b5b¯5) = b3 + 2b3b8 + 2b3x
′
4
= b3 + 2b3 + 2b9 + 2x4 + 2y8 + 2x4 + 2y8,
b5(b3b¯5) = b¯3b5 + x¯4b5 + y¯8b5
= b3 + x4 + y8 + x¯4b5 + y¯8b5,
we have that x¯4b5 + y¯8b5 = 2b3 + 2b9 + 3x4 + 3y8. Because b3 ∈ Supp{x¯4b5}
and b3 ∈ Supp{y¯8b5}, there exactly two possibilities:
x¯4b5 = b3 + b9 + y8, y¯8b5 = b3 + b9 + 3x4 + 2y8,
x¯4b5 = b3 + b9 + 2x4, y¯8b5 = b3 + b9 + x4 + 3y8.
If x¯4b5 = b3+ b9+ y8 and y¯8b5 = b3+ b9+3x4+2y8, then (y¯8b5, x4) = 3,
which implies that (b5x¯4, y8) = 3, a contradiction.
If x¯4b5 = b3+b9+2x4 and y¯8b5 = b3+b9+x4+3y8. Then (x¯4b5, x4) = 3.
So (x24, b5) = 2. It follow that (x
2
4, x
2
4) ≥ 5. It is impossible for either
x4x¯4 = 1 + b8 + r7, r7 ∈ B or x4x¯4 = 1 + b8 + r4 + r3, r3, r4 ∈ B. Hence
Subcase I follows.
Subcase II. No NITA such that t4 6= x4.
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If t4 6= x4, by b4y¯8+b9+t4+r3 = x4+y8+b3z¯12, we have that r3+t4+b9
is a part of b3z¯12, x4+y8 is a part of b4y¯8 and b3+x4+y8+b9+y12+r3+t4+b9
is a part of b8b9.
If b9 ∈ Supp{y12}, then there exists h3 ∈ B such that y12 = h3 + b9. So
b3c7 = h3 + 2b9, b3h¯3 contains c7, which is impossible for L2(B) = ∅. Hence
b9 6∈ Supp{y12}.
Since (b9b¯9, b8) = 3, so (b8b9, b9) = 3, which implies that (b3z¯12, b9) = 2
and there exists x11 ∈ N
∗B of degrees 11 such that
b3z¯12 = 2b9 + t4 + r3 + x11,
b4y¯8 = x4 + y8 + b9 + x11.
At the following we’ll discuss based on what z12 is like. Since (z12, z12) =
2, we have that z12 = α+ β, where (f(α), f(β)) = (3, 9), (4, 8), (5, 7) or
(6, 6).
Step 1. There exists no NITA such that z12 = α3 + β9.
If z12 = α3 + β9. Then b3(α¯3 + β¯9) = r3 + t4 + b9 + x11, b3α¯3 = b9 and
b¯3(b3α¯3) = c7 + b8 + α¯3 + β¯9,
(b¯3b3)α¯3 = α¯3 + α¯3b8.
Thus
α3b8 = c7 + b8 + β9,
which implies that (α3b8, α3b8) = 3. Hence (α3α¯3, b
2
8) = 3. It follows that
α3α¯3 = 1 + x
′
4 + x¯
′
4 by the expression of b
2
8 (see (18), which contradicts
Theorem 1.1.
Step 2. There exists no NITA such that z12 = α4 + β8.
If z12 = α4 + β8. Then b3(α¯4 + β¯8) = r3 + t4 + 2b9 + x11. Since b9 ∈
Supp{b3α¯4}, we have that
b3α¯4 = r3 + b9, b3β¯8 = t4 + b9 + x11.
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Let b¯3r3 = α¯4 + e5. Then
b¯3(b3α¯4) = b¯3b9 + b¯3r3
= c7 + b8 + α¯4 + β¯8 + α¯4 + e5,
α¯4(b3b¯3) = α¯4 + α¯4b8,
which means that α4b8 = c7 + b8 + β8 + e5. Since b¯3y8 = α4 + β8 + x¯
′
4 + b8,
we have that b3α4 = y8 + γ4, γ4 ∈ B.
Since
b¯3(b3α4) = b¯3y8 + b3γ4
= b8 + α4 + β8 + x¯
′
4 + b3γ4,
(b¯3b3)α4 = α4 + α4b8
= 2α4 + c7 + b8 + β8 + e5,
we have that x¯′4 + b3γ4 = α4 + c7 + e5, which implies that x¯
′
4 = α4. But by
(21) b3x
′
4 = j8 + x4, j8 ∈ B and b3α¯4 = b9 + r3, a contradiction.
Step 3. There exits no NITA such that z12 = α5 + β7.
If z12 = α5 + β7. Then
b3(α¯5 + β¯7) = 2b9 + r3 + t4 + 2b9 + x11.
We need a sum of degree 6 to make up b3α¯5 for b9 ∈ Supp{b3α¯5}.
If r3 ∈ Supp{b3β¯7}, then b¯3r3 contains an element of degree 2, a contra-
diction. Hence r3 ∈ Supp{b3α¯5}. We may set
b3α¯5 = b9 + r3 + δ3, δ3 ∈ Supp{x11}.
Furthermore b¯3r3 = α¯5 + d4, some d4 ∈ B. It follows that r3r¯3 = 1 + b8.
Now we have that (α5α¯5, b8) = 2 and
2b3 + x4 + y8 + b9 = b3(b3b¯3) = r3(b3r¯3) = r3α5 + r3d¯4,
from which the following holds:
r3α5 + r3d¯4 = 2b3 + x4 + y8 + b9.
Comparing the two sides, the following equations hold:
r3d¯4 = b3 + b9,
r3α5 = b3 + x4 + y8.
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Therefore
b¯3(r3α5) = b3b¯3 + x4b¯3 + y8b¯3
= 1 + b8 + b8 + x
′
4 + b8 + α5 + β7 + x¯
′
4,
α5(b¯3r3) = α5α¯5 + d4α5.
Since (α5α¯5, b8) = 2, we can only have that
α5α¯5 = 1 + 2b8 + x
′
4 + x¯
′
4,
d4α5 = b8 + α5 + β7.
Hence d4 = x
′
4 or x¯
′
4. So b¯3r3 = α5 + x
′
4 or α5 + x¯
′
4.
If b¯3r3 = α5+ x¯
′
4, then r3 ∈ Supp{b3x¯
′
4} = {y8, t4} by (21), a contradic-
tion. Hence b¯3r3 = α5+x
′
4, which implies that r3 ∈ Supp{b3x
′
4} = {x4, j8},
a contradiction.
Step 4. There exists no NITA such that z12 = α6 + β6.
If z12 = α6 + β6, then
b3(α¯6 + β¯6) = 2b9 + t4 + r3 + x11.
Hence α6 6= β6. Without loss of generality, let r3 ∈ Supp{b3α6}. We may
set that b¯3r3 = α¯6+d3, which implies that r3r¯3 = 1+ b8. Therefore we have
the following equation:
α6r3 + d¯3r3 = (b3r¯3)r3
= (b3b¯3)b3
= 2b3 + b9 + x4 + y8.
It is easy to see that we cannot sum up d¯3r3, a contradiction. The Propo-
sition 1 follows.
Proposition 3.2. No NITA such that (f(x), f(y)) = (5, 7).
Proof. If (f(x), f(y)) = (5, 7), that is to say, x12 = x5 + y7, and
b¯3b5 = b3 + x5 + y7,
b3b8 = b3 + b9 + x5 + y7.
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So we may set that
b¯3x5 = b8 + e7, e7 ∈ N
∗B,
b3x5 = b5 + e10, e10 ∈ N
∗B,
b¯3y7 = b8 + y13, y13 ∈ N
∗B,
b3y7 = b5 + y16, y16 ∈ N
∗B.
Hence
b¯3(b3b8) = b¯3b3 + b¯3b9 + b¯3x5 + b¯3y7
= 1 + b8 + c7 + b8 + z¯12 + b8 + e7 + b8 + y13,
(b3b¯3)b8 = b8 + b
2
8,
(b¯3b5)b3 = b
2
3 + b3x5 + b3y7
= b4 + 3b5 + e10 + y16,
(b3b¯3)b5 = b5 + b5b8,
one has that
b28 = 1 + c7 + e7 + 3b8 + z¯12 + y13,
b5b8 = b4 + 2b5 + e10 + y16.
On the other hand,
(b3b¯3)
2 = 1 + 2b8 + 1 + c7 + e7 + 3b8 + z¯12 + y13,
b23b¯
2
3 = 1 + b8 + c7 + b8 + z12 + b8 + z¯12 + 1 + 2b8 + d8,
which implies that z12 + d8 = e7 + y13.
Step 1. There exists no NITA such that e7 6∈ Supp{z12}.
Suppose that e7 6∈ Supp{z12}. Since e7 6∈ Supp{d8}, there exist α3 ∈
Supp{z12}, g4 ∈ Supp{d8} or α4 ∈ Supp{z12}, g3 ∈ Supp{d8} such that
e7 = α3 + g4 or α4 + g3.
Substep 1. There exists no NITA such that e7 = α3 + g4.
If e7 = α3 + g4, then there exist z9 ∈ N
∗B and h4 ∈ B such that
z12 = α3 + z9 and d8 = g4 + h4. Further
b¯4b5 = α3 + z9 + b8,
b¯3b9 = c7 + b8 + α¯3 + z¯9,
b¯3x5 = b8 + α3 + g4,
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Hence
b3α3 = x5 + i4, i4 ∈ B,
b3α¯3 = b9,
which is impossible for (b3α¯3, b3α¯3) = 1 and (b3α3, b3α3) = 2.
Substep 2. No NITA such that e7 = α4 + g3.
If e7 = α4 + g3, then there exist z8 ∈ Supp{N
∗B} and h5 ∈ B such that
z¯12 = α4 + z8, d8 = g3 + h5. Hence
b¯3x5 = g3 + α4 + b8,
b5b¯5 = 1 + 2b8 + g3 + h5,
b¯3y7 = b8 + z8 + h5.
So there exists l4 ∈ B and n8 ∈ N
∗B such that b3g3 = x5 + l4 and b3h5 =
y7 + n8. Hence g3g¯3 = 1 + b8 and b¯3l4 = g3 +m9. Here m9 ∈ B, otherwise
l¯4l4 will contains two b8, which is a contradiction.
Since
b3(b3b¯3) = 2b3 + b9 + x5 + y7,
(b3g3)g¯3 = g¯3x5 + g¯3l4,
it follows that g¯3l4 = b3 + b9 and
g¯3x5 = b3 + x5 + y7 = b¯3b5. (25)
We assert that Supp{n8}∩{b3, x5, y7, l4} = ∅.Obviously y7 6∈ Supp{n8}.
By the expressions of b3h5 and b3b¯3, we have that b3 6∈ Supp{n8}. If
x5 ∈ Supp{n8}, then h5 ∈ Supp{b¯3x5}, a contradiction. If l4 ∈ Supp{n8},
then h5 ∈ Supp{b¯3l4}, a contradiction. Since
b3(b5b¯5) = b3 + 2b3b8 + b3g3 + b3h5
= 3b3 + 2b9 + 2x5 + 2y7 + x5 + l4 + y7 + n8,
(b3b¯5)b5 = b5(b¯3 + x¯5 + y¯7)
= b3 + x5 + y7 + x¯5b5 + y¯7b5,
It holds that
b5x¯5 + b5y¯7 = 2b3 + 2b9 + 2x5 + 2y7 + l4 + n8. (26)
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Now we assert that (b5y¯7, b9) = 1. In fact, it follows from that b5b¯9 =
b9+b3α4+b3z8 by Lemma 3.1 and (b3α4, y7) = 0, (b3z8, y7) = 1. Therefore
(b5x¯5, b3) = (b5x¯5, b9) = 1 and (b5y¯7, b3) = (b5y¯7, b9) = 1.
By (25), (g¯3x5, b¯3b5) = 3. So (b3g¯3, b5x¯5) = 3. By (26), b5x¯5 cannot
contains three multiple of a constituent of degree 3 or two multiple of con-
stituent of degree 6. Then the common constituents of b3g¯3 and b5x¯5 are
degree 5 or 4 for b3g¯3 can only have constituents of degree 5 and 4 at this
moment. From (b3g¯3, b5x¯5) = 3 and (26), we have that b5x¯5 must contains
2x5 and some element v4 of degree 4 from l4 + n8. It leads to that
b5x¯5 = b3 + b9 + 2x5 + v4,
a contradiction for left side having degree 26.
Step 2. There exists no NITA such that e7 ∈ Supp{z12}.
If e7 ∈ Supp{z12}, then there exists w5 ∈ B such that z12 = e7 +w5. So
y13 = d8 + w5 and
b¯3x5 = b8 + e7, (27)
b¯3y7 = b8 + d8 + w5, (28)
b¯4b5 = w5 + e7 + b8, (29)
b¯3b9 = w¯5 + c7 + e¯7 + b8. (30)
Since (b¯4b5, b¯4b5) = 3, we have that e7, w5 ∈ B. By Lemma 3.1
b5b¯9 = b9 + b3e7 + b3w5. (31)
Since y7 ∈ Supp{b3w5}, b9 ∈ Supp{b3w¯5}, and x5 ∈ Supp{b3e7}, we may
set that
b3w5 = y7 + v8, v8 ∈ N
∗B, (32)
b3w¯5 = b9 + d6, d8 ∈ N
∗B, (33)
b3c7 = b9 + f12, f12 ∈ N
∗B (34)
b3e7 = x5 + h16, h16 ∈ N
∗B (35)
b3e¯7 = b9 + g12, g12 ∈ N
∗B. (36)
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Case 1.There exists no NITA such that either v8 or d6 reducible.
It is easy to see that one of v8 and d6 is reducible will imply another one
is reducible. Let d6 = d3 + g3. Then
b3w¯5 = d3 + g3 + b9.
It is easy to show that d3 6= g3. Hence we may set that
b3d¯3 = w5 + δ4,
b3g¯3 = w5 + ψ4,
which implies that d3d¯3 = g3g¯3 = 1 + b8. If δ4 = ψ4, then b3d¯3 = b3g¯3,
(b3d¯3, b3g¯3) = 2, which implies that d3g¯3 = 1 + b8. Thus g3 = d3 and
b3w¯5 = b9 + 2g3, so that (b3g¯3, w5) = 2, a contradiction. Hence δ4 6= ψ4.
Let’s calculate b23b¯3 = b3d3d¯3 = b3g3g¯3, we have that
(b3b¯3)b3 = 2b3 + b9 + x5 + y7,
(b3d¯3)d3 = w5d3 + δ4d3,
(b3g¯3)g3 = w5g3 + ψ4g3.
It is easy to see that
δ4d3 = ψ4g3 = b3 + b9,
w5d3 = w5g3 = b3 + x5 + y7.
On the other hand, we have that
w5w¯5 = 1 + 2b8 + u8,
b¯3(g3ψ4) = b¯3(d3δ4) = b¯3b3 + b¯3b9
= 1 + b8 + c7 + e¯7 + w¯5 + b8,
(b¯3g3)ψ4 = w¯5ψ4 + ψ¯4ψ4,
(b¯3d3)δ4 = w¯5δ4 + δ¯4δ4,
so that
w¯5ψ4 = w¯5δ4 = e¯7 + w¯5 + b8,
ψ4ψ¯4 = δ4δ¯4 = 1 + b8 + c7.
Hence ψ4, δ4 ∈ Supp{w5w¯5}. Therefore
w5w¯5 = 1 + 2b8 + δ4 + ψ4.
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But (g3d¯3, w5w¯5) = (g3w5, d3w5) = 3. We have that 1 ∈ Supp{g3d¯3},
which implies that g3 = d3, a contradiction.
Case 2. There exists no NITA such that v8 and d6 irreducible.
Suppose v8 and d6 irreducible. We assert that f12 is irreducible. Oth-
erwise, let f12 = r + s. Suppose that c7 ∈ Supp{b¯3r}, which implies that
f(r) ≥ 4.
By Lemma 3.1, one has that
b8c7 = e7 + w5 + b8 + b3f¯12,
b¯9b9 = 1 + d8 + 3b8 + e7 + w5 + b3f¯12.
Subcase 1. w5 is not real.
If w5 is real, then y7 + v8 = b3w5 = b3w¯5 = b9 + d6 by (32) and (33), a
contradiction.
Subcase 2. f12 6∈ B.
By the expression of b8c7, we have that w¯5 ∈ Supp{b3f¯12}. If f12 is
irreducible, then f12 ∈ Supp{b3w5} = {y7, v8} by (32), a contradiction. So
f12 is reducible.
Subcase 3. e7 is not real.
If e7 is real, then there exists an element u7 ∈ N
∗B by (27) and (30),
such that
b3e7 = x5 + b9 + u7.
Hence (e27, b8) ≥ 2. So (e7b8, e7) ≥ 2, By the expressions of b8c7 and b
2
8,
we have that (e7b8, c7) = 1, (e7b8, b8) ≥ 2. Thus there exists an element
x19 ∈ N
∗B of degree 19 such that
e7b8 = 2e7 + 2b8 + c7 + x19.
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On ther other hand, from (27) and (30), we have that
b¯3(b3e7) = b¯3x5 + b¯3b9 + b¯3u7
= b8 + e7 + c7 + e7 + w¯5 + b8 + b¯3u7,
(b¯3b3)e7 = e7 + b8e7
= 3e7 + 2b8 + c7 + x19.
Then w¯5 + b¯3u7 = e7 + x19. Since right side is real, we have that w5 ∈
Supp{b¯3u7} by Substep 1, which implies that there exists a constituent t
of u7 such that w5 ∈ Supp{b¯3t}. Then t ∈ Supp{b3w5}, so t = y7 or v8. It
follows that u7 = y7. By (28) implies that
w5 + w¯5 + b8 + d8 = w¯5 + b¯3y7 = e7 + x19,
a contradiction.
Subcase 4. Case 2 follows.
By Subcases 1, 2, 3, we have that e7 and w5 are not real, and f12 is
reducible. Notice b8c7 is real, by the expression of b8c7, we have that b3f¯12
contains w¯5 and e¯7. Hence there exists a constituent r of f12 such that b3r¯
contains w¯5, which implies that r ∈ Supp{b3w5}. Therefore r = y7 or v8.
If r = y7, then b3y¯7 = b8 + d8 + w¯5 by (28). But (34) means that b3y¯7
contains c7, a contradiction.
If r = v8, then there exists s4 such that f12 = v8 + s4. Since c7 ∈
Supp{b3s¯4} by (34), we have that e¯7 6∈ Supp{b3s¯4}. So e¯7 ∈ Supp{b3v¯8}.
Hence there exists a basis element a5 of degree 5 such that
b3v¯8 = w¯5 + e¯7 + c7 + a5, (37)
b3s¯4 = c7 + c5, (38)
b3c7 = v8 + s4 + b9. (39)
Checking b3(b5b¯5) = b5(b3b¯5), one implies that
b5x¯5 + b5y¯7 = 2b3 + 2b9 + x5 + y7 + b3d8. (40)
We assert that d8 ∈ B. In fact, if d8 6∈ B, then d8 = 2x4 or x4 + y4.
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If d8 = 2x4, then b¯3y7 = b8+2x4+w5 by (28). Hence (b3x4, y7) = 2. It
is impossible.
If d8 = x4+ y4, then b¯3y7 = b8+x4+ y4+w5 by (28). Let b3x4 = y7+p5
and b3y4 = y7 + q5. By (40), it holds that
b5x¯5 + b5y¯7 = 2b3 + 2b9 + x5 + 3y7 + p5 + q5.
But (b5x¯5, b3) = (b5x¯5, b9) = 1. So it is necessary to find elements from the
left side of above equation such that their sum having degree 13 to make up
b5x¯5. It is impossible. Therefore d8 ∈ B.
Since
b¯3(b3w5) = b¯3y7 + b¯3v8
= b8 + d8 +w5 + c7 + w5 + e7 + a¯5,
b3(b¯3w5) = b3b¯9 + b3d¯6
= w5 + c7 + e7 + b8 + b3d¯6,
then
b3d¯6 = d8 + w5 + a¯5. (41)
Now we assert that c5 and e5 are nonreal. Otherwise, d6, v8, ∈ Supp{b3a5}
by (42) and (41). So 1 ∈ Spp{b3a5}, a contradiction.Hence c5 and a5 are
nonreal, and c5 = a¯5 by the expression of b
2
8. Hence b3d¯6 = d8 + w5 + c5.
Associated with(38), we have that (b3c¯5, d6) = (b3c¯5, s4) = 1, which implies
that (b3c¯5, b3c¯5) = 3. Furthermore (b3c5, b3c5) = 3. Let
b3c5 = v8 + δ3 + λ4.
Thus we may set that b¯3δ3 = c5 +∆4. Then δ¯3δ3 = 1 + b8. And
b3(δ3δ¯3) = b3 + b3b8
= 2b3 + b9 + x5 + y7,
(b3δ¯3)δ3 = c¯5δ3 + ∆¯4δ3.
We have that
∆¯4δ3 = b3 + b9 and c¯5δ3 = b3 + x5 + y7. (42)
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Further
b¯3(∆¯4δ3) = b¯3b3 + b¯3b9
= 1 + 2b8 + c7 + w¯5 + e¯7,
(b¯3δ3)∆¯4 = c5∆¯4 +∆4∆¯4.
It follow that
∆4∆¯4 = 1 + b8 + c7 and c5∆¯4 = b8 + w¯5 + e¯7 = b4b¯5.
Hence (b3c5)∆¯4 = b3(c5∆¯4) = b3(b4b¯5) = b4(b3b¯5). But
b4(b3b¯5) = b4b¯3 + b4x¯5 + b4y¯7
= b3 + b9 + b4x¯5 + b4y¯7,
(b3c5)∆¯4 = v8∆¯4 + δ3∆¯4 + λ4∆¯4.
So b3 is a constituent of one of v8∆¯4, δ3∆¯4 and λ4∆¯4. Then one of v8, δ3 and
λ4 is a constituent of b3∆4. On the other hand δ3 ∈ Supp{b3∆4} by (42).
But b3∆4 contains at most two constituents, a contradiction. Subcase 4
follows, which concludes Step 2. Consequently the proposition follows.
Proposition 3.3. No NITA such that (f(x), f(y)) = (6, 6).
Proof. If x12 = x6 + y6, then
b¯3b5 = b3 + x6 + y6,
b3b8 = b3 + b9 + x6 + y6.
Assume that
b¯3x6 = b8 + h10, for some h10 ∈ N
∗B,
b¯3y6 = b8 + i10, for some i10 ∈ N
∗B,
b3x6 = b5 + g13, for some g13 ∈ N
∗B,
b3y6 = b5 + f13, for some f13 ∈ N
∗B.
Therefore
b28 = 1 + c7 + 3b8 + h10 + i10 + z¯12.
By the above equations and Lemma 3.1, one has that
(b¯3b3)
2 = 2 + c7 + 5b8 + h10 + i10 + z¯12,
b¯23b
2
3 = b¯4b4 + b¯4b5 + b¯5b4 + b¯5b5
= 2 + 5b8 + c7 + z¯12 + z12 + d8.
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Hence
d8 + z12 = h10 + i10.
We assert that d8 cannot be totally contained in one of h10 and i10.
Otherwise, without loss of generality, assume d8 is contained in h10. Then
h10 contains an element of degree 2, a contradiction. Thus d8 must be
reducible and cannot be contained in one of h10 and i10. For d8, there are
four possibilities:
d8 = c3 + d5, c4 + d4, c4 + c¯4 and 2c4.
Step 1. No NITA such that d8 = c3 + d5.
If d8 = c3+d5, then c3+d5+ z12 = h10+ i10. Without loss of generality,
let
h10 = c3 + h7, i10 = d5 + i5.
Then z12 = h7 + i5 and
b¯3x6 = c3 + h7 + b8, (43)
b¯3y6 = d5 + i5 + b8, (44)
b¯4b5 = b8 + i5 + h7, (45)
b¯3b9 = c7 + b8 + i¯5 + h¯7, (46)
b28 = 1 + c7 + 3b8 + c3 + h7 + d5 + i5 + h¯7 + i¯5. (47)
Hence c3 is real. By (45) and (b¯4b5, b¯4b5) = 3, we have that h7 ∈ B. Set
b3c3 = x6 + u3, u3 ∈ B by Lemma 2.2 . Thus (b3c3, b3c3) = 2 so that
c23 = 1 + b8.
Moreover
(b3c3)c3 = x6c3 + u3c3,
b3c
2
3 = b
2
3b¯3 = b3 + b3b8
= 2b3 + b9 + x6 + y6.
Hence
c3u3 = b3 + x6 or b3 + y6,
c3x6 = b3 + b9 + y6 or b3 + b9 + x6.
42
If c3u3 = b3 + x6, c3x6 = b3 + b9 + y6, then c3 ∈ Supp{u¯3x6}. But
(b3b¯3)(c
2
3) = 2 + 5b8 + c7 + c3 + d5 + h7 + h¯7 + i5 + i¯5,
(b3c3)(b¯3c3) = x6x¯6 + u3x¯6 + u¯3x6 + 1 + b8.
Notice that u3x¯6+ u¯3x6 contains two c3, we come to a contradiction. There-
fore c3u3 = b3 + y6, c3x6 = b3 + b9 + x6. Let b¯3u3 = c3 + w6. Then
u3u¯3 = 1 + b8 by Lemma 2.2 and
(c3b3)b¯3 = b¯3x6 + b¯3u3
= b8 + c3 + h7 + c3 + w6
Since c3(b3b¯3) is real, it follows that h7 and w6 are real. Since
(b¯3u3)c3 = c
2
3 + c3w6
= 1 + b8 + c3w6,
(b¯3c3)u3 = x¯6u3 + u¯3u3
= 1 + b8 + x¯6u3,
b¯3(c3u3) = b¯3b3 + b¯3y6
= 1 + b8 + b8 + d5 + i5,
we have that
c3w6 = x¯6u3 = d5 + i5 + b8,
Since c3, w6 are real, i5 is real too by above equation. By (43), (44) and
(46), one has that
b3i5 = y6 + b9,
b3h7 = b9 + x6 + l6, for some l6 ∈ N
∗B.
Considering c23u3u¯3, we have that
(c3u3)(c3u¯3) = b3b¯3 + b¯3y6 + b3y¯6 + y6y¯6
= 1 + b8 + 2b8 + 2d5 + 2i5 + y6y¯6,
c23(u3u¯3) = 2 + 5b8 + c7 + c3 + 2i5 + 2h7 + d5.
Comparing the number of elements of degree 5, we come to a contradiction.
Step 1 follows.
Step 2. There exists no NITA such that d8 = 2c4.
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If d8 = 2c4, then 2c4 + z12 = h10 + i10. There exist h6 and i6 such that
z12 = h6+i6. Since (b¯4b5, b¯4b5) ≤ 4, we obtain that h6, i6 ∈ B. Furthermore
b¯3x6 = b8 + c4 + h6, b¯3y6 = b8 + c4 + i6.
Thus b3c4 = x6 + y6. Then we can set
c24 = 1 + b8 + g7, g7 ∈ N
∗B.
Since b5b¯5 = 1 + 2b8 + 2c4, (c4b5, b5) = 2. Further (c4b5, c4b5) ≥ 5.
Hence
c24 = 1 + b8 + c4 + e3
and (c4b5, c4b5) = 5. There exists t10 ∈ B such that
c4b5 = 2b5 + t10.
Since
b3(b5b¯5) = b3 + 2b3b8 + 2b3c4
= 3b3 + 2b9 + 4x6 + 4y6,
b5(b3b¯5) = b5(b¯3 + x¯6 + y¯6)
= b3 + x6 + y6 + x¯6b5 + y¯6b5,
we have that b5x¯6 + b5y¯6 = 2b3 + 2b9 + 3x6 + 3y6. On the other hand
b¯3(c4b5) = 2b¯3b5 + b¯3t10
= 2b3 + 2x6 + 2y6 + b¯3t10,
(b¯3c4)b5 = x¯6b5 + y¯6b5
= 2b3 + 2b9 + 3x6 + 3y6.
Hence b¯3t10 = 2b9 + x6 + y6, from which it follows that (b3b9, t10) = 2.
Therefore (b3b9, b3b9) ≥ 5. But (b¯3b9, b¯3b9) = 4 by Lemma 3.1 and h6,
i6 ∈ B, a contradiction.
Step 3. There exists no NITA such that d8 = c4 + d4.
If d8 = c4 + d4, then there exist h6, i6 ∈ N
∗B such that h10 = c4 + h6,
i10 = d4 + i6, z12 = h6 + i6 and
44
b¯3x6 = c4 + h6 + b8, (48)
b¯3y6 = d4 + i6 + b8, (49)
b¯4b5 = b8 + i6 + h6, (50)
b¯3b9 = c7 + b8 + i¯6 + h¯6, (51)
b28 = 1 + c7 + 3b8 + c4 + h6 + d4 + i6 + h¯6 + i¯6. (52)
By (50) and (b¯4b5, b¯4b5) = 3, we have that i6, h6 ∈ B. Now we may set
that
b3c4 = x6 + z6, z6 ∈ B, (53)
b3d4 = y6 + p6, p6 ∈ B. (54)
Substep 1. h6 and i6 are non-real.
If h6 is real, then there exist e3 and f3 such that
b¯3h6 = b¯9 + x¯6 + e3,
b3e3 = f3 + h6.
Thus e3e¯3 = 1 + b8 bu Lemma 2.2. Since
b3(e3e¯3) = 2b3 + b9 + x6 + y6,
(b3e3)e¯3 = h6e¯3 + f3e¯3.
Hence
f3e¯3 = b3 + x6 or b3 + y6,
h6e¯3 = b3 + b9 + y6 or b3 + b9 + x6.
Therefore
b¯3(f3e¯3) = b¯3b3 + b¯3x6 or b¯3b3 + b¯3y6
= 1 + 2b8 + c4 + h6 or 1 + 2b8 + d4 + i6,
f3(b¯3e¯3) = f3(h6 + f¯3)
= 1 + b8 + f3h6.
Thus
f3h6 = b8 + c4 + h6 or b8 + d4 + i6.
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On the other hand, one has the following equations:
(b3b¯3)h6 = h6 + h6b8,
(b3h6)b¯3 = (e¯3 + x6 + b9)b¯3
= b¯3b9 + b¯3x6 + b¯3e¯3
= c7 + 2b8 + 3h6 + i¯6 + c4 + f¯3.
Then
h6b8 = c7 + c4 + 2b8 + 2h6 + i¯6 + f¯3, (55)
which implies that i6 and f3 are real.
Now let us calculate (b3b¯3)(e3e¯3):
(b3b¯3)(e3e¯3) = 2 + 5b8 + c7 + c4 + d4 + 2h6 + 2i6,
(b3e3)(b¯3e¯3) = (h6 + f3)
2
= h26 + 2f3h6 + f
2
3
= 1 + h26 + 3b8 + 2c4 + 2h6 or 1 + h
2
6 + 3b8 + 2d4 + 2i6.
Comparing the number of elements of degree 4, we have that c4 = d4, a
contradiction.
Symmetricly, we can prove that i6 is non-real.
Substep 2. There exists no NITA such that d8 = c4+ d4 and h6, i6 are
non-real.
Since (b3b¯3)c4 = c4+c4b8 and b¯3(b3c4) = b¯3x6+ b¯3z6 = c4+h6+b8+ b¯3z6,
we have that
c4b8 = b8 + h6 + b¯3z6,
Because h6 is non-real and c4b8 is real, h¯6 ∈ Supp{b¯3z6}. By (53), there
exists r8 ∈ N
∗B such that
b¯3z6 = c4 + h¯6 + r8.
By (51), there exists α3 such that
b3h¯6 = b9 + z6 + α3.
Thus there exists γ3 such that b3α¯3 = h6 + γ3. Hence α3α¯3 = 1 + b8 by
Lemma 2.2.
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Since
b3(α3α¯3) = 2b3 + b9 + x6 + y6,
(b3α3)α¯3 = h6α¯3 + γ3α¯3,
we have that
γ3α¯3 = b3 + x6 or b3 + y6,
h6α¯3 = b3 + b9 + y6 or b3 + b9 + x6.
Hence
b¯3(γ3α¯3) = b¯3b3 + b¯3x6 or b¯3b3 + b¯3y6
= 1 + 2b8 + c4 + h6 or 1 + 2b8 + d4 + i6,
γ3(b¯3α¯3) = γ3h¯6 + γ3γ¯3
= 1 + b8 + γ3h¯6.
Therefore
γ3h¯6 = b8 + c4 + h6 or b8 + d4 + i6.
Since
(b3b¯3)(α3α¯3) = 2 + 5b8 + c7 + c4 + d4 + 2h6 + 2i6,
(b3α3)(b¯3α¯3) = (h6 + γ3)(h¯6 + γ¯3)
= h6h¯6 + γ3h¯6 + γ¯3h6 + γ3γ¯3
= 1 + 3b8 + 2c4 + h6 + h¯6 + h6h¯6 or 1 + 3b8 + 2d4 + i6 + i¯6 + h6h¯6.
Comparing the number of degree 4, we come to c4 = d4, a contradiction.
So Substep 2 follows.
Step 4. There exists no NITA such that d8 = c4 + c¯4.
If d8 = c4 + c¯4, then b5b¯5 = 1+ 2b8 + c4 + c¯4. And (48), (49), (50), (51),
(52), (53) and (54) still hold with d4 = c¯4. Thus
b¯3(b3c4) = b¯3x6 + b¯3z6,
= c4 + h6 + b8 + b¯3z6,
b3(b¯3c4) = b3y¯6 + b3p¯6
= c4 + i¯6 + b8 + b3p¯6.
Then
h6 + b¯3z6 = i¯6 + b3p¯6. (56)
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Substep 1. There exists no NITA such that h6 = i¯6.
If h6 = i¯6, then it follows from (48) and (51) that there is α3 ∈ B such
that
b3h6 = b9 + x6 + α3,
b3h¯6 = b9 + y6 + β3.
It is easy to see that α3 6= β3. Since z12 = h6 + h¯6 right now, it means by
Lemma 3.1 that
b5b¯9 = x6 + y6 + 3b9 + α3 + β3.
Thus (b5b¯9, b5b¯9) = 13.
By Lemma 3.1, we have that
b9b¯9 = 1 + 3b8 + c4 + c¯4 + h6 + h¯6 + b¯3f12.
But b5b¯5 = 1 + 2b8 + c4 + c¯4. Since (b9b¯9, b8) = 3, we have that
13 = (b5b¯9, b5b¯9) = 9 + (c4, b¯3f12) + (c¯4, b¯3f12).
It concludes that (c4, b¯3f12) = (c¯4, b¯3f12) = 2. Thus
(b3c4, f12) = (b3c¯4, f12) = 2.
From (53) and (54), it follows that
(x6 + z6, f12) = (y6 + p6, f12) = 2.
Since x6 6= y6 by (b3b¯3, b5b¯5) = 3 and z6 6= x6, y6 6= p6 by Lemma 2.2, it
follows that f12 = 2z6 and z6 = p6. Hence b3c7 = b9 + 2z6 by Lemma 3.1.
Therefore (b3c7, b3c7) = 5 and (b¯3z6, c7) = 2. So b¯3z6 = 2c7 + c4. But
b8c7 = b8 + h6 + h¯6 + 2b¯3z6 = b8 + h6 + h¯6 + 4c7 + 2c4.
It is impossible for b8c7 is real and c4 not real.
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Substep 2. There exists no NITA such that h6 6= i¯6.
Suppose that h6 6= i¯6. By (56), it follows that (b3p¯6, h6) = (p6, b3h¯6) =
(¯i6, b¯3z6) = (b3 i¯6, z6) = 1. But b9 ∈ Supp{b3h¯6} by (51) and (c4, b6p¯6) =
(c4, b¯3z6) = 1 by (53) and (54). By (56) , (51) and (54), there exist δ3, z3
and v8 ∈ N
∗B such that
b3h¯6 = b9 + p6 + δ3, (57)
b¯3z6 = i¯6 + c4 + v8, (58)
b3p¯6 = h6 + c4 + v8. (59)
Hence b¯3δ3 = h¯6 + γ3, some γ3 ∈ B. Therefore (b3γ3, b3γ3) ≥ 2. It follows
that
δ3δ¯3 = γ3γ¯3 = 1 + b8
by Lemma 2.2.
Since
(b3b¯3)c4 = c4 + c4b8,
b3(b¯3c4) = b3y¯6 + b3p¯6,
= c4 + i¯6 + b8 + h6 + c4 + v8,
we have that c4b8 = c4 + h6 + i¯6 + v8 + b8. Then (c4b8, c4b8) ≥ 5. Let
c4c¯4 = 1 + b8 + r7, r∈N
∗B and r7 is real. By (52) and c4 is not real, we
have that r7 = c7 and then (c4b8, c4b8) = 5. Consequently v8 ∈ B. By
b3(δ3δ¯3) = (b3δ¯3)δ3, we have that
δ3γ¯3 = b3 + x6 or b3 + y6,
δ3h¯6 = b3 + b9 + y6 or b3 + b9 + x6.
Without loss of generality, let δ3γ¯3 = b3 + x6, then
1 + 2b8 + b
2
8 = (δ3δ¯3)(γ3γ¯3) = (δ3γ¯3)(δ¯3γ3) = b3b¯3 + b3x¯6 + b¯3x6 + x6x¯6
= 1 + 3b8 + c4 + c¯4 + h6 + h¯6 + x6x¯6.
It holds by (52) that
x6x¯6 = 1 + 2b8 + c7 + i6 + i¯6.
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Furthermore (b5b¯5, x6x¯6) = 5. On the other hand, the following equations
hold:
b3(b5b¯5) = b3 + 2b3b8 + b3c4 + b3c¯4,
= 3b3 + 2b9 + 2x6 + 2y6 + x6 + z6 + y6 + p6,
(b3b¯5)b5 = b¯3b5 + x¯6b5 + y¯6b5
= b3 + x6 + y6 + x¯6b5 + y¯6b5.
Hence
x¯6b5 + y¯6b5 = 2b3 + 2b9 + 2x6 + 2y6 + z6 + p6. (60)
It is proved that (b5b¯5, x6x¯6) = 5. By above equation and (b5x¯5, b3) =
(b5y¯5, b3) = 1, we can only have that
b5x¯6 = b3 + b9 + x6 + y6 + z6 or b3 + b9 + x6 + y6 + p6,
b5y¯6 = b3 + b9 + x6 + y6 + p6 or b3 + b9 + x6 + y6 + z6.
Hence
b¯3(b5x¯6) = b¯3b3 + b¯3b9 + b¯3x6 + b¯3y6 + b¯3z6 or b¯3b3 + b¯3b9 + b¯3x6 + b¯3y6 + b¯3p6
= 1 + b8 + c7 + b8 + h¯6 + i¯6 + c4 + h6 + b8 + c¯4 + i6 + b8 + i¯6 + c4 + v8
or 1 + b8 + c7 + b8 + h¯6 + i¯6 + c4 + h6 + b8 + c¯4 + i6 + b8 + h¯6 + c¯4 + v¯8,
(b¯3b5)x¯6 = b3x¯6 + x6x¯6 + y6x¯6
= c¯4 + h¯6 + b8 + 1 + 2b8 + c7 + i6 + i¯6 + y6x¯6.
Therefore
y6x¯6 = 2c4 + h6 + b8 + i¯6 + v8 or c4 + c¯4 + h6 + b8 + h¯6 + v¯8.
If y6x¯6 = 2c4+h6+b8+ i¯6+v8, then (c4x6, y6) = 2. Hence (c4x6, c4x6) ≥
5, a contradiction. Therefore
y6x¯6 = c4 + c¯4 + h6 + b8 + h¯6 + v¯8. (61)
Thus (c¯4x6, y6) = 1.
Considering the following equations:
b3(c4c¯4) = b3 + b3b8 + b3c7
= 2b3 + b9 + x6 + y6 + b9 + f12,
(b3c4)c¯4 = c¯4x6 + c¯4z6,
(b3c¯4)c4 = c4y6 + c4p6.
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By the expression of x6x¯6, we have that (x6, c¯4x6) = 0. Consequently
(x6, c¯4z6) = 1 by above equations. Because b3c7 = b9+f12 and L1(B) = {1}
and L2(B) = ∅, so the constituents of f12 are of degrees larger than 3. Since
(c¯4x6, b3) = (c¯4z6, b3) = 1 by (53), (c¯4x6, c¯4x6) = 4 and it is proved that
(c¯4x6, y6) = 1, we have that
c¯4x6 = b3 + y6 + b9 + g6, g6 ∈ B.
Consequently c¯4z6 = b3 + x6 + b9 + f6, where f12 = f6 + g6 and f6 ∈ N
∗B.
Let b¯3g6 = c7 + x11 and b¯3f6 = c7 + y11, x11, y11 ∈ N
∗(B). Then
b¯3(c¯4x6) = b¯3b3 + b¯3y6 + b¯3b9 + b¯3g6
= 1 + b8 + c¯4 + i6 + b8 + c7 + b8 + h¯6 + i¯6 + c7 + x11,
c¯4(b¯3x6) = c¯4c4 + c¯4h6 + c¯4b8
= 1 + b8 + c7 + c¯4h6 + c¯4 + h¯6 + i6 + v¯8 + b8;
b¯3(c¯4z6) = b¯3b3 + b¯3x6 + b¯3b9 + b¯3f6
= 1 + b8 + c4 + h6 + b8 + c7 + b8 + h¯6 + i¯6 + c7 + y11,
c¯4(b¯3z6) = c¯4c4 + c¯4 i¯6 + c¯4v8
= 1 + b8 + c7 + c¯4 i¯6 + c¯4v8.
Hence
c¯4h6 + v¯8 = b8 + i¯6 + c7 + x11 (62)
c¯4 i¯6 + c¯4v8 = c4 + h6 + 2b8 + i¯+ h¯6 + c7 + y11. (63)
We assert that v8 6= b8. Otherwise, if v8 = b8, then (c4b8, b8) = 2. So
(b28, c4) = 2, a contradiction by (52). Hence v¯8 ∈ Supp{x11} by (62). Let
x11 = v¯8 + x3, then it follows by (62) that
c¯4h6 = b8 + i¯6 + c7 + x3.
By (63), we have that h¯6 ∈ Supp{c¯4 i¯6 + c¯4v8}. So (c¯4h6, i6) ≥ 1 or
(c¯4h6, v¯8) ≥ 1. The latter case will leads to v8 = b8, a contradiction. Hence
(c¯4h6, i6) ≥ 1. Thus i6 = i¯6 and (c¯4h6, i6) = 1. Furthermore
x6x¯6 = 1 + 2b8 + c7 + 2i6.
And it follows by (49) and (51) that
b3i6 = b9 + y6 + z3, some z3 ∈ B.
51
Thus
b3(x6x¯6) = b3 + 2b3b8 + b3c7 + 2b3i6
= 3b3 + 2b9 + 2x6 + 2y6 + b9 + g6 + f6 + 2b9 + 2y6 + 2z3,
x6(b3x¯6) = x6c¯4 + x6h¯6 + x6b8
= b3 + y6 + b9 + g6 + x6h¯6 + x6b8.
Then x6h¯6 + x6b8 = 2b3 + 2b9 + 2x6 + 3y6 + f6 + 2b9 + 2z3
By the expression of y6x¯6 and v8 6= b8, we have that (b8x6, y6) = 1.
Hence (x6h¯6, y6) = 2 and so (x¯6y6, h¯6) = 2. Again by the expression
of y6x¯6, we have that h6 = h¯6. Now (48) implies that x6 ∈ Supp{b3h6}.
Then p6 = x6 by (57). Consequently b3c¯4 = x6 + y6, from which we have
(bc4, b¯3x6) = 1. Thus c4 = c¯4 by (48). Step 4 follows. This complete the
proof of the lemma 3.4.
Therefore (b5b¯5, b8) = 1 and (b3b¯3, b5b¯5) = 2. Consequently by lemma
3.1 we have x12 ∈ B and (b3b8, b3b8) = 3. Thus Theorem 3.1 holds. Fur-
thermore, in Lemma 3.1 we proved that c7 ∈ B.
4 General Information of NITA Generated by b3
and Satisfying b23 = b¯3 + b6 and b
2
3 = c3 + b6
Since the structure of NITA generated by b3 and satisfying b
2
3 = b¯3+ b6 and
b23 = c3 + b6 are related, we investigate them simultaneously. Some results
are written in the same proposition. The purpose of this section is to obtain
(3) and (4) in the Main Theorem. The following lemmas are useful during
our investigation.
Lemma 4.1. (1) If b23 = b¯3 + b6, then b3b8 = b6 + b¯3b6;
(2) If b23 = c3 + b6, then there exists an element x6 ∈ B such that
b¯3c3 = b3+x6 and c3c¯3 = 1+b8. Further b3b8 = x6+b¯3b6 and c3b8 = b6+b3x6.
Proof. (1) follows from (b3b¯3)b3 = b
2
3b¯3.
Since b3 ∈ Supp{b¯3c3}, (b3b¯3, c3c¯3) ≥ 2. But (b3b¯3, c3c¯3) ≤ 2, so
(b3b¯3, c3c¯3) = 2 and
c3c¯3 = 1 + b8, b¯3c3 = b3 + x6, x6 ∈ B.
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Checking (b3b¯3)b3 = b
2
3b¯3 and c3(c3c¯3) = b3(b¯3c3), one has (2).
Lemma 4.2. If (b3b8, b3b8) ≥ 4, then any constituent of b3b8 and b¯3b6 is
either b3 or of degree > 3 and (b3b8, b3b8) = 4, 5.
Proof. Since (b3b8, b3) = 1, the degree of the sum of the remaining
constituents of b3b8 must be 21.
On the other hand, any constituent yn of b3b8 must have degree≥ 4.
Otherwise, n = 3 and b3y¯3 = 1 + b8, which implies that b3 = y3, a contra-
diction.
Theorem 4.1. There is no NITA generated by b3 and satisfying b
2
3 = b¯3+b6
or b23 = c3 + b6 and (b3b8, b3b8) = 2.
Proof. Since b3b¯3 = 1 + b8 and (b3b8, b3b8) = 2, we may assume that
b3b8 = b3 + b21, where b21 ∈ B. By Lemma 4.1, one has that
b3 + b21 = b6 + b¯3b6 or x6 + b¯3b6.
It is impossible.
Theorem 4.2. There is no NITA generated by b3 and satisfying b
2
3 = b¯3+b6
or b23 = c3 + b6 and (b3b8, b3b8) = 5.
Proof. (1) there is no NITA satisfying b23 = b¯3+ b6 and (b3b8, b3b8) = 5.
By b23b¯3 = (b3b¯3)b3, we have that b3b8 = b6 + b¯3b6, which implies that
b8 ∈ Supp{b¯3b6}. But b3 ∈ Supp{b¯3b6}. We need a sum with degree 7 of
two constituents to make up b¯3b6, which is impossible by Lemma 4.1.
(2) there is no NITA satisfying b23 = c3 + b6 and (b3b8, b3b8) = 5.
By Lemma 4.1 and (b3b8, b3b8) = 5, we may assume that
(A) b3b8 = b3 + x6 + x4 + y4 + z7,
(B) b3b8 = b3 + x6 + x4 + y5 + z6,
(C) b3b8 = b3 + x6 + x5 + y5 + z5.
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Since
b¯3(b¯3c3) = b3b¯3 + x6b¯3
b¯23c3 = c3c¯3 + c3b¯6
= 1 + b8 + c3b¯6,
we have that b¯3x6 = c3b¯6.
Since (c3b8, c3b8) = (b3b8, b3b8) = 5 by Lemma 4.1 and c3b8 = b6+b3x6
by Lemma 4.1, we have (b3x6, b3x6) = 4. Further (b¯3x6, b¯3x6) = 4. But
(b¯3x6, b8) = 1. We may assume
c3b¯6 = b¯3x6 = b8 +m3 + n3 + v4,
where m3, n3, v4 ∈ B and m3, n3, v4 are distinct. We may assume
c3m¯3 = b6 +m
∗
3, m
∗
3 ∈ B,
c3n¯3 = b6 + n
∗
3.
Hence (c3m¯3, c3m¯3) = 2. So m3m¯3 = 1 + b8. Moreover
(c3c¯3)m¯3 = m¯3 + m¯3b8,
(c3m¯3)c¯3 = c¯3b6 + c¯3m
∗
3
= b8 + m¯3 + n¯3 + v¯4 + c¯3m
∗
3
Then
m¯3b8 = b8 + n¯3 + v¯4 + c¯3m
∗
3,
which implies that m3n¯3 = 1 + b8. So m3 = n3, a contradiction.
Theorem 4.3. There exists no NITA generated by b3 and satisfying b
2
3 =
b¯3 + b6, (b3b8, b3b8) = 4.
Proof. Because b3b8 = b6 + b¯3b6 by Lemma 4.1 and by assumption
that (b3b8, b3b8) = 4, then b8 ∈ Supp{b¯3b6} and (b¯3b6, b¯3b6) = 3. But
b3 ∈ Supp{b¯3b6}. Thus there exists p7 ∈ B such that
b¯3b6 = b3 + b8 + p7, b3b8 = b3 + b6 + b8 + p7.
Hence
(b3b¯3)b8 = b8 + b
2
8
b¯3(b3b8) = b¯3b3 + b¯3b6 + b¯3b8 + b¯3p7
= 1 + b8 + b3 + b8 + p7 + b¯3 + b¯6 + b¯8 + p¯7 + b¯3p7.
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Consequently b28 = 1+ b3+ b¯3+p7+ p¯7+2b8+ b¯6+ b¯3p7. On the other hand,
(b3b¯3)
2 = 1 + 2b8 + b
2
8,
b23b¯
2
3 = b3b¯3 + b¯3b6 + b3b¯6 + b6b¯6
= 1 + b8 + b3 + b8 + p7 + b¯3 + b8 + p¯3 + b6b¯6.
We have that b28 = b3+ b¯3+p7+ p¯7+b8+b6b¯6. Hence b6b¯6 = 1+ b¯6+b8+ b¯3p7.
Since
b¯23b6 = b3b6 + b¯6b6
= b3b6 + 1 + b8 + b¯6 + b¯3p7,
b¯3(b¯3b6) = b¯3b3 + b¯3b8 + b¯3p7
= 1 + b8 + b¯3 + b¯6 + b8 + p¯7 + b¯3p7,
it holds that b3b6 = b¯3 + p¯7 + b8. Now the following equations follow:
b3(b¯3b6) = b
2
3 + b3b8 + b3p7
= b¯3 + b6 + b3 + b6 + b8 + p7 + b3p7,
(b3b6)b¯3 = b¯
2
3 + b¯3p¯7 + b8b¯3
= b3 + b¯6 + b¯3 + b¯6 + b8 + p¯7 + b¯3p¯7.
Then 2b6 + p7 + b3p7 = 2b¯6 + p¯7 + b¯3p¯7. Since b6 is nonreal, we have that
(b3p7, b¯6) = 2, a contradiction to the expression of b¯3b6. The theorem follows.
Theorem 4.4. There exists no NITA satisfying b23 = c3+b6, (b3b8, b3b8) = 4
and c23 = r4 + s5.
Proof. Let investigate Sub-NITA generated by c2. By assumptions,
we have that (b3b¯3, b3b¯3) = (c3c¯3, c3c¯3), hence b3b¯3 = c3c¯3. Therefore
(c3c¯3, b
2
8) = (b3b¯3, b
2
8) = 4, thus (c3b8, c3b8) = 4, a contradiction to Theo-
rem 3.1.
5 NITA Generated by b3 Satisfying b
2
3 = b¯3+ b6 and
b6 non-real and b10 ∈ B is real
Now we discuss NITA satisfying the following hypothesis.
Hypothesis 5.1. Let (A, B) be a NITA generated by an non-real element
b3 ∈ B satisfies b3b3 = 1 + c8 and b23 = b3 + b6, where b6 ∈ B is non-real.
Here we still assume that L(B) = 1 and L2(B) = Ø. In this section, we use
the symbols bi, ci, di denote elements of B with degree i, where i ≥ 2.
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By the associative law and Hypothesis 5.1, we have b3(b3b3) = (b
2
3)b3,
b3 + c8b3 = b
2
3 + b6b3, so
c8b3 = b6 + b6b3.
Hence (b3b6, c8) = (b3c8, b6) = 1, so
b3b6 = c8 + b10,
therefore b10 ∈ B since (b3c8, b3c8) = 3.
Now we shall deal with the case b10 = b10 ∈ B.
Lemma 5.1. Let (A, B) satisfies Hypothesis 5.1 and b10 = b10 ∈ B, then
1) b3b6 = c8 + b10;
2) b3b6 = b3 + b15, where b15 ∈ B;
3) b3c8 = b3 + b6 + b15;
4) b3b10 = b15 + b6 + c9, c9 ∈ B;
5) b3b15 = 2b15 + b6 + c9;
6) b26 = 2b6 + c9 + b15;
7) b6c8 = b3 + 2b15 + b6 + c9;
8) b6b6 = 1+c8+x+y+z+w, where x, y, z, w ∈ B, | x+y+z+w |= 27,
and the degrees of x, y, z and w ≥ 5. Moreover x+ y + z + w = x+ y +
z + w;
9) c28 = 1 + 2c8 + 2b10 + x+ y + z + w;
10) b3b15 = b10 + c8 + x+ y + z + w;
11) (c9b3, c9) = 1 or (b6c9, c9) ≥ 1.
Proof. We have seen that
c8b3 = b6 + b6b3. (1)
and
b3b6 = c8 + b10, (2)
where b10 is real. So we get (b3b6, b3b6) = 2 and consequently we get
b3b6 = b3 + b15, (3)
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where b15 ∈ B. Hence by (1)
c8b3 = b3 + b6 + b15 (4)
By the associative law and (2), (3), we have b3(b3b6) = (b3b6)b3 and b
2
3 +
b15b3 = c8b3 + b10b3, so by (4) and Hypothesis 5.1 one gets
b15b3 = b15 + b3b10 (5)
If x ∈ B and (b15b3, x) = (b15, b3x), so | x |≥ 5, ∀x ∈ B. So every
constituent of b3b10 have degrees ≥ 5. Since b10 is real also constituents of
b3b10 have degrees ≥ 5, by the associative law and Hypothesis 5.1 and (4),
(2):
(b3b3)c8 = (b3c8)b3,
c8 + c
2
8 = b3b3 + b6b3 + b15b3,
c28 = 1 + c8 + b10 + b3b15 (6)
By the associative law and Hypothesis 5.1 and (2):
(b3b3)(b3b3) = b
2
3b
2
3,
1 + 2c8 + c
2
8 = b3b3 + b3b6 + b6b3 + b6b6,
c28 = 2b10 + c8 + b6b6 (7)
so we get
1 = (b¯3b15, b10) = (b15, b3b10).
By (2),
(b3b10, b6) = (b3b6, b10) = 1.
b3b10 have constituents of degree ≥ 5 as we proves. Therefore
b3b10 = b15 + b6 + c9 (8)
where c9 ∈ B. So by (5),
b3b15 = 2b15 + b6 + c9. (9)
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By the associative law and Hypothesis 5.1 and (2), (3), (4):
(b23)b6 = (b3b6)b3,
b3b6 + b
2
6 = c8b3 + b10b3,
consequently
b26 = 2b¯6 + b15 + c¯9.
Now
b3(b¯3b6) = (b3b¯3)b6,
b23 + b15b3 = b6 + b6b8.
Thus
c8b6 = b3 + 2b15 + b6 + c9.
So
(b6b6, c8) = (b6, b6c8) = 1.
Since
(b26, b
2
6) = 6 = (b6b6, b6b6),
hence
b6b6 = 1 + c8 + x+ y + z + w
where x, y, z, w ∈ B. Therefore by (7), (6)
c28 = 1 + 2c8 + 2b10 + x+ y + z + w,
and
b3b5 = b10 + c8 + x+ y + z +w.
So (b3b15, m) = (b3m¯, b15), so | m |≥ 5, hence
| x |, | y |, | z |, | w |≥ 5.
By (8),
(b3c9, b10) = (b3b10, c9) = 1,
hence
b3c9 = b10 + α,
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where α ∈ N∗B. By the associative law and Hypothesis 5.1:
(b23)c9 = (b3c9)b3,
c9b3 + c9b6 = b10b3 + αb3 = b15 + b6 + c9 + αb3.
hence, (c9b3, c9) ≥ 1, or (b6c9, c9) ≥ 1. By (9) we conclude that either
(c9b¯3, c¯9) = 1 or (b6c9, c¯9) ≥ 1.
We start to investigate the case (c¯9b3, c9) = 1 of Lemma 5.1.
Lemma 5.2. Let (A, B) satisfies Hypothesis 5.1. Assume that b10 = b10 ∈
B and (c9b3, c9) = 1. Then we get the following:
1) b3c9 = b15 + c9 + c3, c3, c9 ∈ B;
2) b6b10 = 3b15 + b¯3 + c3 + c9, b15 ∈ B;
3) c8b15 = 5b15 + b3 + c3 + 2b6 + 3c9;
4) b3c3 = c9;
5) b3c3 = b9, b9 = b9 ∈ B;
6) b3c9 = b9 + b10 + b8, b9 = b9, b8 = b8 ∈ B;
7) c3b6 = b10 + b8;
8) b6b15 = 4b15 + b6 + b3 + c3 + 2c9;
9) c3c3 = 1 + b8;
10) b6b6 = 1 + c8 + b9 + b8 + c5 + b5, c5 + b5 = c5 + b5;
11) c28 = 1 + 2c8 + 2b10 + b9 + b8 + b5 + c5;
12) b3b15 = b10 + c8 + b9 + b8 + b5 + c5;
13) b6b15 = 2c8 + 3b10 + 2b9 + 2b8 + b5 + c5;
14) c8b10 = 2c8 + 2b10 + 2b9 + 2b8 + b5 + c5;
15) b6c9 = b10 + c8 + 2b9 + b8 + b5 + c5;
16) b210 = 1 + 2c8 + 2b10 + 3b9 + 2b8 + 2b5 + 2c5.
Proof. By 5) in Lemma 5.1 , (b3c9, b15) = (c9, b3b15) = 1. So by the
assumption in the lemma, (b3c9, c9) = 1, hence
b3c9 = b15 + c9 + c3, (1)
where c3 ∈ B. By the associative law and Hypothesis 5.1 and 4) in Lemma
5.1
(b23)b10 = (b3b10)b3,
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b3b10 + b6b10 = b15b3 + b6b3 + c9b3,
by 2), 4), 5) in Lemma 5.1 and (1),
b6b10 = 3b15 + b3 + c3 + c9. (2)
By the associative law and Hypothesis 5.1 and 5) in Lemma 5.1:
(b3b3)b15 = (b3b15)b3,
c8b15 + b15 = 2b15b3 + b3b6 + c9b3,
by (1) and 2), 5) in Lemma 5.1:
c8b15 = 5b15 + b3 + c3 + 2b6 + 3c9. (3)
By (1),
(c3b3, c9) = (b3c9, c3) = 1,
hence
c3b3 = c9 (3
′).
So
(c3b3, c3b3) = (b3c9, c3) = 1,
hence
c3b3 = b9. (4)
By the associative law and Hypothesis 5.1 and (3)
c3(b
2
3) = (c3b3)b3,
c3b3 + c3b6 = c9b3,
hence
c9b3 = b9 + c3b6 (5)
(1) and (4) in Lemma 5.1, (c9b3, b10) = (b3b10, c9) = 1, (b3c9, b3c9) =
(b3c9, b3c9) = 3, hence
c9b3 = b9 + b10 + b8, (6)
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where b8 ∈ B. So
c3b6 = b10 + b8 (7)
By the associative law and Hypothesis 5.1 and 4) in Lemma 5.1:
(b3b3)b10 = (b3b10)b3
b10 + c8b10 = b15b3 + b6b3 + c9b3,
by 1), 10) in Lemma 5.1 and (6)
c8b10 = c8 + x+ y + z + w + b8. (8)
b10, c8 are reals , so if b8 6= b8, then (c8b10, b8) 6= 0, and without lose of
generality x = b8, so x = b8 and by 8) in Lemma 5.1 and without lose of
generality y = b8, so by (8) (c8b10, b8) = 2, hence (c8b10, b8) = 2, so without
lose of generality z = b8 , hence z = b8 and by 8) in Lemma 5.1 without
lose of generality w = b8 then (c8b10, b8) = 3 a contradiction. Hence b8 = b8.
In the same way b9 = b9.
By the associative law and 2), 6) in Lemma 5.1:
(b26)b3 = (b6b3)b6
2b6b3 + c9b3 + b15b3 = b3b6 + b15b6.
and by Lemma 5.1 and (6)
b6b15 = 2c8 + 3b10 + b8 + b9 + x+ y + w + z. (9)
By the associative law and Hypothesis and 4) in Lemma 5.1:
b10(b3b3) = (b3b10)b3,
b10 + c8b10 = b3b15 + b3b6 + b3c9,
by (6) and 1) , 10) in Lemma 5.1
c8b10 = 2c8 + 2b10 + x+ y + z + w + b8 + b9. (10)
By the associative law and 2), 3), 6) in Lemma 5.1 and (3):
c8(b3b6) = (b3c8)b6,
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b3c8 + b15c8 = b3b6 + b
2
6 + b15b6,
b6b15 = 4b15 + b6 + b3 + c3 + 2c9.
By the associative law and (1), (4), (6) and Hypothesis1:
(b23)c9 = (b3c9)b3,
b3c9 + b6c9 = b15b3 + c9b3 + c3b3,
b6c9 = b10 + c8 + x+ y + z + w + b9. (11)
By the associative law and 1)in the Lemma 5.1 and (2):
(b3b6)b10 = (b6b10)b3
c8b10 + b
2
10 = 3b15b3 + b3b3 + c3b3 + c9b3,
by (4), (6), (10) and Hypothesis 5.1
b210 = 1 + 2c8 + b9 + 2b10 + 2x+ 2y + 2z + 2w. (12)
By (2), (b6b10, b6b10) = 12. But by 8) in Lemma 5.1 and (12) (b6b6, b
2
10) =
10, so we get without lose of generality
x = b9. (13)
By (4) and that b9 = b9, (c3b3, c3b3) = (b
2
3, c
2
3) = 1, but by (3’) (c
2
3, b3) =
(c3b3, c3) = 0, so by hypothesis 5.1
(c23, b6) = 1. (14)
Hence
(c3c3, c3c3) = 2,
so
c3c3 = 1 + t8. (15)
By (4)
(c3b3, c3b3) = (c3c3, b3b3) = 1,
therefore by hypothesis t8 6= c8. By (12), (13) and 9) in Lemma 5.1
(b210, c
2
8) = 18 = (c8b10, c8b10).
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So by (8) we conclude that without lose of generality
y = b8. (16)
So by (13), (16) and 8) in lemma 1 we obtain | z |=| w |= 5, set z = b5 and
w = c5. By (7),
(c3b6, c3b6) = (c3c3, b6b6) = 2,
so by (15) and 8) in Lemma 5.1 and by (16) t8 = b8. So c3c3 = 1+ b8. By
8), 9), 10) in Lemma 5.1 and (10), (11), (12), (13), (16), (9)
b6b6 = 1 + c8 + b9 + b8 + c5 + b5,
c28 = 1 + 2c8 + 2b10 + b9 + b8 + b5 + c5,
b3b15 = b10 + c8 + b9 + b8 + b5 + c5,
b6b15 = 2c8 + 3b10 + 2b9 + 2b8 + b5 + c5,
c8b10 = 2c8 + 2b10 + 2b9 + 2b8 + b5 + c5,
b6c9 = b10 + c8 + 2b9 + b8 + b5 + c5,
b210 = 1 + 2c8 + 2b10 + 3b9 + 2b8 + 2b5 + 2c5.
Lemma 5.3. Let (A, B) satisfy Hypothesis 5.1. Assume that b10 = b10 ∈ B
and (c9b3, c9) = 1. Then we get the following equations:
1) b3b9 = b15 + c9 + c3;
2) c3c8 = c9 + b15;
3) b3b8 = b15 + c9;
4) b3c5 = b15;
5) b3b5 = b15;
6) b6b5 = b15 + b6 + c9;
7) b6c9 = 2b15 + 2c9 + b6;
8) c3b6 = c3 + b15;
9) b6b9 = 2b15 + b6 + 2c9;
10) b6c5 = b15 + b6 + c9;
11) b6b8 = 2b15 + b6 + c3 + c9;
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12) c3b10 = b15 + b6 + c9;
13) c3c9 = b15 + c9 + b3;
14) c3b8 = c3 + b6 + b15;
15) c3b9 = b15 + b3 + c9;
16) c3b15 = 2b15 + b6 + c9;
17) b8b15 = 5b15 + b3 + c3 + 2b6 + 3c9;
18) b8c9 = 3b15 + 2c9 + b6 + b3.
Proof. By 5), 6), 12), in Lemma 5.2
(b3b9, c3) = (b3c3, b9) = 1,
(b3b9, c9) = (b3c9, b9) = 1,
(b3b9, b15) = (b3b15, b9) = 1,
then
b3b9 = b15 + c9 + c3. (1)
By the associative law and 1), 4) in Lemma 5.2 and Hypothesis 5.1
(b3c3)b3 = (b3b3)c3,
c9b3 = c3 + c3c8,
so
c3c8 = c9 + b15. (2)
By 6), 12) in Lemma 5.2,
(b3b8, b15) = (b3b15, b8) = 1,
(b3b8, c9) = (b3c9, b8) = 1,
then
b3b8 = b15 + c9. (3)
By the associative law and 2) in Lemma 5.1 and 10) in Lemma 5.2:
(b6b6)b3 = (b3b6)b6,
b3 + c8b3 + b9b3 + b8b3 + c5b3 + b5b3 = b3b6 + b15b6.
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by 2), 3)in Lemma 5.1 and (3), (1) and 8) in Lemma 5.2:
c5b3 + b5b3 = 2b15,
so
c5b3 = b15, (4)
b5b3 = b15. (5)
By the associative law and Hypothesis 5.1 and (5) and 5) in Lemma 5.1
(b23)b5 = (b3b5)b3 = b3b15,
b3b5 + b6b5 = 2b15 + b6 + c9,
by (5)
(b3b5, b3b5) = (b5b3, b5b3) = 1.
So b3b5 = b15, therefore
b6b5 = b15 + b6 + c9. (6)
By the associative law and 4), 7) in Lemma 5.2:
(b3c3)b6 = (c3b6)b3,
c9b6 = b10b3 + b8b3,
by 4) in Lemma 5.1 and by (3)
b6c9 = 2b15 + 2c9 + b6. (7)
By the associative law and Hypothesis 5.1 and 5) in Lemma 5.2:
(b23)c3 = (b3c3)b3, b3c3 + b6c3 = b9b3,
so by (1) and 4) in Lemma 5.2
b6c3 = c3 + b15. (8)
10), 13), 15) in Lemma 5.2,
(b6b9, b15) = (b6b15, b9) = 2,
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(b6b9, b6) = (b9, b6b6) = 1,
(b6b9, c9) = (b6c9, b9) = 2,
so
b6b9 = 2b15 + b6 + 2c9. (9)
By the associative law and Hypothesis 5.1 and (4):
(b23)c5 = (b3c5)b3, b3c5 + b6c5 = b15b3,
by 5) in Lemma 5.1
b3c5 + b6c5 = 2b15 + b6 + c9,
(c5b3, c5b3) = (c5b3, c5b3) = 1,
so b3c5 = b15, hence by 7), 10), 13), and 15) in Lemma 5.2
b6c5 = b¯15 + b6 + c9 (10)
(b6b8, c3) = (b6c3, b8) = 1, (b6b8, b6) = (b8, b6b6) = 1,
(b6b8, c9) = (b8, b6c9) = 1, (b6b8, b15) = (b6b15, b8) = 2,
so
b6b8 = 2b15 + b6 + c3 + c9. (11)
By the associative law and 1) in Lemma 5.1 and (8)
c3(b3b6) = (c3b6)b3, c3c8 + c3b10 = c3b3 + b15b3,
by (2), 4) in Lemma 5.2 and 5) in Lemma 5.1
c3b10 = b15 + b6 + c9. (12)
By the associative law and 4), 9) in Lemma 5.2:
(c3c3)b3 = (c3b3)c3, b3 + b8b3 = c9c3,
by (3)
c3c9 = b15 + c9 + b3. (13)
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By the associative law and 6) in Lemma 5.2 and (13)
(b3c9)c3 = (c3c9)b3,
b9c3 + b10c3 + b8c3 = b15b3 + c9b3 + b
2
3,
by (12) and 5) in Lemma 5.1 and 1) in Lemma 5.2 and Hypothesis 5.1
b9c3 + b8c3 + b15 + b6 + c9 = 2b15b6 + c9 + b15 + c9 + c3 + b3 + b6,
b9c3 + b8c3 = 2b15 + c9 + c3 + b3 + b6,
by 5), 7), 9) in Lemma 5.2
(b8c3, b3) = (c3b3, b8) = 0, (b8c3, c3) = (b8, c3c3) = 1, (b8c3, b6) = (b8, c3b6) = 1,
so
b8c3 = c3 + b6 + b15, (14)
hence
b9c3 = b15 + b3 + c9. (15)
By the associative law and 2) in Lemma 5.1and 7) in Lemma 5.2:
c3(b3b6) = (c3b6)b3, c3b3 + c3b15 = b10b3 + b8b3,
by 4) in Lemma 5.2 and 4) in Lemma 5.1 and (3):
c3b15 = 2b15 + b6 + c9. (16)
By the associative law and 9) in Lemma 5.2:
(c3b15)c3 = (c3c3)b15, 2b15c3 + b6c3 + c¯9c¯3 = b15 + b8b15,
by (16) and (8) , (13)
b8b15 = 5b15 + b3 + c3 + 2b6 + 3c9. (17)
By the associative law and (13) and 9) in Lemma 5.2:
(c3c3)c9 = (c3c9)c3, c9 + b8c9 = b15c3 + c9c3 + b3c3,
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by (13), (16) and 4) in Lemma 5.2:
c9 + b8c9 = 2b15 + b6 + c9 + b15 + c9 + b3 + c9,
then
b8c9 = 3b15 + 2c9 + b6 + b3. (18)
Lemma 5.4. Let (A, B) satisfies Hypothesis 5.1. Assume that b10 = b10 ∈
B and (c9b3, c9) = 1. Then we get the following equations:
1) c3c9 = b10 + b9 + c8;
2) c3b15 = b5 + c5 + c8 + b8 + b9 + b10;
3) c23 = c3 + b6;
4) b15b15 = 1 + 3b5 + 3c5 + 5c8 + 5b8 + 6b6 + 6b10;
5) b215 = 9b15 + 4b6 + 2b3 + 2c3 + 6c9;
6) b10b15 = 6b15 + 3b6 + b3 + c3 + 4c9;
7) c9b15 = 2b5 + 2c5 + 3c8 + 3b8 + 3b9 + 4b10;
8) c9b15 = 6b15 + 2b6 + b3 + c3 + 3c9;
9) c29 = 3b15 + b3 + c3 + 2b6 + 2c9;
10) c9c9 = 1 + 2c8 + 2b9 + 2b10 + c5 + b5 + 2b8;
11) c8c9 = 3b15 + b6 + c3 + 2c9;
12) b9c9 = b3 + 2c9 + 3b15 + c3 + 2b6;
13) c9b10 = b3 + 2c9 + 3b15 + c3 + 2b6;
14) b5c9 = 2b15 + b6 + c9;
15) c5c9 = 2b15 + b6 + c9;
16) b5 = b5, c5 = c5;
17) c3b5 = b15;
18) c3c5 = b15.
Proof. By 2), 12), 15) in Lemma 5.3, (c3c9, b10) = (c3b10, c9) = 1, (c3c9, b9) =
(c3b9, c9) = 1, (c3c9, c8) = (c3c8, c9) = 1, then
c3c9 = b10 + b9 + c8. (1)
By the associative law and 3) and 14) in Lemma 5.3:
(b3b8)c3 = (c3b8)b3, b15c3 + c9c3 = c3b3 + b6b3 + b15b3,
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by 5), 12) in Lemma 5.2 and (1) and 1) in Lemma 5.1
c3b15 = b5 + c5 + c8 + b8 + b9 + b10. (2)
By the associative law and (1) and 1) Lemma 5.2:
(b3c9)c3 = (c3c9)b3, b15c3 + c9c3 + c
2
3 = b10b3 + b9b3 + c8b3,
by 1), 13), 16) in Lemma 5.3 and 3), 4) in Lemma 5.1
c23 = c3 + b6. (3)
By the associative law and 2) in Lemma 5.1 and 8) in Lemma 5.2:
(b3b6)b15 = (b6b15)b3,
b3b15 + b15b15 = 4b15b3 + b6b3 + b3b3 + c3b3 + 2c9b3.
By 6), 5), 12) in Lemma 5.2 and 1) in Lemma 5.1 and Hypothesis 5.1 we
obtain that
b15b15 = 1 + 3b5 + 3c5 + 5c8 + 5b8 + 6b6 + 6b10. (4)
By the associative law and 2) in Lemma 5.1 and 13) in Lemma 5.2:
(b3b6)b15 = b3(b6b15),
b3b15 + b
2
15 = 2c8b3 + 3b10b3 + 2b9b3 + 2b8b3 + b5b3 + c5b3,
by 3), 4) in Lemma 5.1 and 1) , 3), 4), 5) in Lemma 5.3
b215 = 9b15 + 4b6 + 2b3 + 3c3 + 6c9. (5)
By 4), 12), 13) in Lemma 5.2 and 12) in Lemma 5.3 and 5) in Lemma
5.1:
(b10b15, b3) = (b10, b15b15) = 6, (b10b15, b6) = (b15b6, b10) = 3,
(b10b15, b3) = (b15b3, b10) = 1, (b10b15, c3) = (b10c3, b¯15) = 1,
(b10b15, b3c3) = (b15b3, b10c3) = 4,
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so (b10b15, c9) = 4. hence
b10b15 = 6b15 + 3b6 + b3 + c3 + 4c9. (6)
By the associative law and 4) in Lemma 5.2 and 16) in Lemma 5.3:
(b3c3)b15 = b3(c3b15), c9b15 = 2b15b3 + b3b6 + b3c9,
by 6), 12) in Lemma 5.2 and 1) in Lemma 5.1:
c9b15 = 2b5 + 2c5 + 3c8 + 3b8 + 3b9 + 4b10. (7)
By 4) and Lemma 5.2 and (2) we get:
(b3c3)b15 = (c3b15)b3,
c9b15 = b5b3 + c5b3 + c8b3 + b8b3 + b9b3 + b10b3,
by 1), 3), 4), 5) in Lemma 5.3 and 3), 4) in Lemma 5.1,
c9b15 = 6b15 + 2b6 + b3 + c3 + 3c9. (8)
By the associative law and 4) in Lemma 5.2 and (1):
(b3c3)c9 = b3(c3c9), c
2
9 = b10b3 + b9b3 + c8b3,
by 3), 4) in Lemma 5.1 and 1) in Lemma 5.3
c29 = 3b15 + b3 + c3 + 2b6 + 2c9. (9)
By the associative law and 4) in Lemma 5.2 and 13) in Lemma 5.3:
(b3c3)c9 = b3(c3c9), c9c9 = b3b15 + b3c9 + b3b3,
by 6), 12) in Lemma 5.2 and Hypothesis 5.1:
c9c9 = 1 + 2c8 + 2b9 + 2b10 + c5 + b5 + 2b8. (10)
By the associative law and 4) in Lemma 5.2 and 2) in Lemma 5.3:
(b3c3)c8 = (c3c8)b3, c9c8 = c9b3 + b15b3,
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by 1) in Lemma 5.2 and 5) in Lemma 5.1:
c9c8 = 3b15 + b6 + c3 + 2c9. (11)
By the associative law and 5) in Lemma 5.2 and 13) in Lemma 5.3:
(b3c3)c9 = (c3c9)b3, b9c9 = b15b3 + c9b3 + b
2
3,
by 5) in Lemma 5.1 and Hypothesis 5.1 and 1) in lemma 5.2
b9c9 = b3 + 2c9 + 3b15 + c3 + 2b6. (12)
By the associative law and 4) in Lemma 5.2 and 12) in Lemma 5.3:
(b3c3)b10 = (c3b10)b3, c9b10 = b15b3 + b6b3 + c9b3,
by 2) and 5) in Lemma 5.1 and 1) in Lemma 5.2
c9b10 = b3 + 2c9 + 4b15 + c3 + b6. (13)
By (2),
(c3b5, b15) = (b5, c3b15) = 1, (c3c5, b15) = (c5, c3b15) = 1.
So
c3b5 = b15, (14)
c3c5 = b15. (15)
Hence by 4), 5) in Lemma 5.2 and the associative law:
(c3b5)b3 = (b3c5)b5, (c3c5)b3 = (b3c3)c5,
b15b3 = c9b5, b15b3 = c9c5.
By 5) in Lemma 5.1 we get:
b5c9 = 2b15 + b6 + c9, (16)
c5c9 = 2b15 + b6 + c9. (17)
By the associative law and 12) in Lemma 5.2 and 5) in Lemma 5.3:
(b3b15)b5 = (b3b5)b15 = b15b15,
b10b5 + c8b5 + b9b5 + b8b5 + b
2
5 + c5b5 = b15b15,
so b5 is real and so c5 is real. So by (14), (15) c3b5 = b15, c3b5 = b15.
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Lemma 5.5. Let (A, B) satisfies Hypothesis 5.1. Assume that b10 = b10 ∈
B and (c9b3, c9) = 1. Then we get the following equations:
1) b5c8 = c5 + c8 + b8 + b9 + b10;
2) b5b8 = c5 + c8 + b8 + b9 + b10;
3) b5b9 = b10 + c8 + b9 + b8 + b5 + c5;
4) b5b10 = c8 + b8 + b9 + b5 + 2b10;
5) b25 = 1 + b10 + b9 + b5;
6) c5b5 = b8 + c8 + b9;
7) c8b8 = b5 + c5 + c8 + b8 + 2b9 + 2b10;
8) c8b9 = 2b8 + 2b9 + 2b10 + b5 + c5 + c8;
9) b29 = 1 + b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10;
10) b28 = 1 + b5 + c5 + c8 + 2b8 + b9 + 2b10;
11) b8b9 = b5 + c5 + 2c8 + b8 + 2b9 + 2b10;
12) b8b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10;
13) c5c8 = b5 + c8 + b8 + b9 + b10;
14) c5b8 = b5 + c8 + b8 + b9 + b10;
15) c5b9 = b10 + c8 + b9 + b8 + b5 + c5;
16) c5b10 = b8 + c8 + b9 + c5 + 2b10;
17) c25 = 1 + b9 + b10 + c5;
18) b5b15 = 3b15 + b6 + b3 + c3 + 2c9;
19) c5b15 = 3b15 + b6 + b3 + c3 + 2c9;
20) b9b15 = 6b15 + 3c9 + b3 + 2b6 + c3;
21) b9b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 3b10.
Proof. By the associative law and Hypothesis 5.1 and 12) in Lemma 5.2:
b5(b3b3) = (b3b5)b3 = b¯15b3,
b5 + b5c8 = b¯15b3 = b10 + c8 + b9 + b8 + b5 + c5.
Thus
c8b5 = c5 + c8 + b8 + b9 + b10. (1)
By the associative law and 9) in Lemma 5.2 and 18) in Lemma 5.4:
(c3c3)b5 = (c3b5)c3, b5 + b5b8 = b15c3,
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by 2) in lemma 5.4
b5b8 = c5 + c8 + b8 + b9 + b10. (2)
By the associative law and 5), 12) in Lemma 5.2 and 18) in Lemma 5.4:
(b3c3)b5 = (c3b5)b3,
b9b5 = b15b3 = b10 + c8 + b9 + b8 + b5 + c5. (3)
By the associative law and 1) in Lemma 5.1 and 5) in Lemma 5.3:
(b3b6)b5 = (b3b5)b6, c8b5 + b10b5 = b15b6,
by (1) and 13) in Lemma 5.2:
b5b10 = c8 + b8 + b9 + b5 + 2b10. (4)
By the associative law and 12) in Lemma 5.2 and 5) in Lemma 5.3:
(b3b15)b5 = (b3b5)b15,
b10b5 + c8b5 + b9b5 + b8b5 + b
2
5 + c5b5 = b15b15,
so by 4) in Lemma 5.4 and (1), (2), (3), (4),
b25 + c5b5 = 1 + b5 + 2b9 + b10 + b8 + c8,
by (2), (4), (3), (1),
(b25, b10) = (b5, b5b10) = 1, (b
2
5, b9) = (b5, b5b9) = 1,
so
b25 = 1 + b10 + b9 + b5, (5)
c5b5 = b8 + c8 + b9. (6)
By the associative law and Hypothesis 5.1 and 3) in Lemma 5.3:
(b3b3)b8 = (b3b8)b3, b8 + c8b8 = b15b3 + c9b3,
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6), 12) in Lemma 5.2 and
c8b8 = b5 + c5 + c8 + b8 + 2b9 + 2b10. (7)
By the associative law and Hypothesis 5.1 and 1) in Lemma 5.3:
(b3b3)b9 = (b3b9)b3, b9 + c8b9 = b15b3 + c9b3 + c3b3.
5), 6), 12) in lemma 5.2
b9 + c8b9 = b10 + c8 + b9 + b8 + b5 + c5 + b9 + b10 + b8 + b9,
By 5) in Lemma 5.2 and 15) in Lemma 5.3 we obtain
c8b9 = 2b8 + 2b9 + 2b10 + b5 + c5 + c8. (8)
(b3c3)b9 = (c3b9)b3, b
2
9 = b15b3 + b3b3 + c9b3,
by 12) in Lemma 5.2 and Hypothesis 5.1 and 6) in Lemma 5.2,
b29 = 1 + b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10. (9)
By the associative law and 9) in Lemma 5.2 and 14) in Lemma 5.3:
(c3c3)b8 = c3(c3b8), b8 + b
2
8 = c3c3 + c3b6 + c3b15,
by 7) , 9) in Lemma 5.2 and 2) in Lemma 5.4:
b28 = 1 + b5 + c5 + c8 + 2b8 + b9 + 2b10. (10)
By the associative law and 9) in Lemma 5.2 and 15) in Lemma 5.3:
(c3c3)b9 = (c3b9)c3, b9 + b8b9 = b15c3 + b3c3 + c9c3,
by 1), 2) in Lemma 5.4 and 5) in Lemma 5.2:
b9 + b8b9 = b5 + c5 + c8 + b8 + b9 + b10 + b9 + b10 + b9 + c8,
b8b9 = b5 + c5 + 2c8 + b8 + 2b9 + 2b10. (11)
By the associative law and 9) in Lemma 5.2, 12) in Lemma 5.3:
(c3c3)b10 = (c3b10)c3, b10 + b8b10 = b15c3 + b6c3 + c9c3,
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so by 1), 2) in Lemma 5.4 and 7) in Lemma 5.2,
b8b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10. (12)
By the associative law and Hypothesis 5.1 and 4) in Lemma 5.3 12) in
Lemma 5.2:
(b3b3)c5 = (b3c5)b3,
c5 + c5c8 = b15b3 = b10 + c8 + b9 + b8 + b5 + c5,
c5c8 = b10 + c8 + b9 + b8 + b5. (13)
By the associative law and 9) in Lemma 5.2 and 2), 18) in Lemma 5.4:
(c3c3)c5 = (c3c5)c3,
c5 + c5b8 = b15c3 = b5 + c5 + c8 + b8 + b9 + b10,
c5b8 = b5 + c8 + b8 + b9 + b10. (14)
By the associative law and 5), 12) in Lemma 5.2, 18) in Lemma 5.4 :
(b3c3)c5 = (c3c5)b3,
b9c5 = b15b3 = b10 + c8 + b9 + b8 + b5 + c5. (15)
By the associative law and 1) in Lemma 5.1 and 10) in Lemma 5.3
(b3b6)c5 = (b6c5)b3,
c8c5 + b10c5 = b15b3 + b3b6 + b3c9.
By 6), 12) in Lemma 5.2 and (13) and 1) in Lemma 5.1 we get:
b10+c8+b9+b8+b5+b10c5 = b10+c8+b9+b8+b5+c5+c8+b10+b9+b10+b,
b10c5 = c5 + c8 + 2b10 + b9 + b8. (16)
By the associative law and 10) in Lemma 5.2 , 10) in Lemma 5.3:
(b6b6)c5 = b6(b6c5),
c5 + c5c8 + b9c5 + b8c5 + c
2
5 + b5c5 = b6b15 + b6b6,
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by (13), (15), (14), (6) and 10) , 13) in Lemma 5.2
c25 = 1 + b9 + b10 + c5. (17)
By the associative law and 18) in Lemma 5.4 and (5):
c3b
2
5 = (c3b5)b5,
c3 + b10c3 + b9c3 + b5c3 = b15b5,
so by 12), 15) in Lemma 5.3 and 17) in Lemma 5.4,
b5b15 = 3b15 + b6 + b3 + c3 + 2c9. (18)
By the associative law and 18) in Lemma 5.4 and (17):
(c25)c3 = (c5c3)c5, c3 + b9c3 + b10c3 + c5c3 = b15c5,
so by 12), 15) in Lemma 5.3 and 18) in Lemma 5.4:
b15c5 = 3b15 + b6 + b3 + c3 + 2c9. (19)
By the associative law and 4) in Lemma 5.3and (15)
(b3c5)b9 = b3(c5b9),
b15b9 = b3b8 + c8b3 + b5b3 + c5b3 + b9b3 + b10b3,
by 3), 4) in Lemma 5.1 and 1), 3), 4), 5) in Lemma 5.3:
b15b9 = b15 + c9 + b3 + b6 + b15 + 2b15 + 2b15 + 2c9 + c3 + b6,
b15b9 = 6b15 + 3c9 + b3 + 2b6 + c3.
By the associative law and 5) in Lemma 5.2 and 4) in Lemma 5.1:
b10(b3c3) = (b10b3)c3,
b10b9 = b15c3 + b6c3 + c9c3,
b10b9 = b5 + c5 + c8 + b8 + b9 + b10 + b8 + c8 + b9 + b10,
b10b9 = b5 + c5 + 2c8 + 2b8 + 2b9 + 3b10,
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So we finished the investigation of 11) in Lemma 5.1 subcase (c¯9b3, c9) =
1. Thus we have in the remaining case that (b3c9, c9) = 0. In the rest
of this section let us deal with the investigation of 11) Lemma 5.1 subcase
(b6c9, c¯9) ≥ 1.
Lemma 5.6. Let (A, B) satisfies Hypothesis 5.1. Assume that b10 = b10 ∈
B and (b6c9, c9) ≥ 1. Then we get:
1) b3c9 = b10 + x+ s, s ∈ B, | x+ s |= 17, | s |=| s |;
2) (c8b15, c9) = (c8c9, b15) = 2;
3) b6c9 = 3c9 + b15 + b6 + t6, t6 ∈ N
∗B;
4) c8b10 = 2c8 + 2b10 + 2x+ y + z + w + s;
5) b6b15 = 3b10 + 2c8 + x+ y + z + w + x+ s;
6) b3c9 = b15 + ε+ θ, ε, θ ∈ B, | ε+ θ |= 12;
7) b6b10 = b3 + 3b15 + ε+ θ;
8) c8b15 = 5b15 + 2b6 + 2c9 + b3 + ε+ θ.
Proof. By the associative law and Hypothesis 5.1 and 10) in Lemma 5.1:
(b23)b15 = (b3b15)b3,
b3b15 + b6b15 = b10b3 + c8b3 + b3(x+ y + z +w).
So by 5), 4), 3) in Lemma 5.1,
b6b15 = b3 + b6 + b3(x+ y + z + w). (1)
By the associative law and Hypothesis 5.1 and 4) in Lemma 5.1:
(b23)b10 = (b3b10)b3,
b3b10 + b6b10 = b15b3 + b6b3 + c9b3,
by 4), 5), 2) in Lemma 5.1:
b6b10 = b3 + 2b15 + b3c9. (2)
By the associative law and(2) and 4) in Lemma 5.1:
(b3b10)b6 = (b6b10)b3,
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b
2
6 + b15b6 + b6c9 = b
2
3 + 2b15b3 + (b3b3)c9.
so by 5), 6) in Lemma 5.1 and Hypothesis 5.1:
2b6+c9+b15+b3+b6+b3(x+y+z+w)+b6c9 = b3+b6+4b15+2b6+2c9+c9+c8c9,
b6c9 + b3(x+ y + z + w) = 3b15 + 2c9 + c8c9. (3)
By the associative law and 6), 7) in Lemma 5.1:
(b26)c8 = (b6c8)b6,
2b6c8 + c9c8 + b15c8 = b3b6 + 2b15b6 + b
2
6 + c9b6,
by 7), 2), 6) in Lemma 5.1 and (3), (1)
c8b15 = b3 + 2b6 + c9 + b15 + b3(x+ y + z + w). (4)
By the associative law and Hypothesis 5.1 :
(b3b3)c9 = (b3c9)b3, c9 + c9c8 = (b3c9)b3,
but by 5) in Lemma 5.1,
(b3c9, b15) = (c9, b3b15) = 1,
so
c9 + c9c8 = b15b3 + α1b3,
hence by 5) in Lemma 5.1 we obtain that:
c9c8 = 2b15 + b6 + α1b3. (5)
Hence
(c8c9, b15) ≥ 2. (6)
By 10) in Lemma 5.1,
(b3x, b15) = 1, (b3y, b15) = 1, (b3z, b15) = 1, (b3w, b15) = 1.
So by (3),
(b6c9, b15) ≥ 1. (7)
78
By (6), (c8b15, c9) ≥ 2, so by (4),
(b3(x+ y + z + w), c9) 6= 0,
hence one of b3x, b3y, b3z, and b3w contains c¯9, thus W. L. O. G, we may
assume that
(b3x, c¯9) 6= 0. (8)
By the associative law and Hypothesis 5.1 and 4) in Lemma 5.1:
(b3b3)b10 = (b3b10)b3,
b10 + c8b10 = b15b3 + b6b3 + c9b3,
by 10), 1) in Lemma 5.1
c8b10 = 2c8 + b10 + x+ y + z + w + b3c9. (9)
By (8) and 4) in Lemma 5.1, (b3c9, b10) = (b3b10, c9) = 1, (b3c9, x) 6= 0.
So
b3c9 = b10 + x+ α, α ∈ N
∗B. (10)
Then (b3x, c9) = (b3c9, x) 6= 0. By (9) since c8, b10, x+ y+ z+w are reals
then b3c9 is real. By 10) in Lemma 5.1, (b3x, b15) = 1, therefore
b3x = c9 + b15 + β, (11)
where β ∈ N∗B. So | x |≥ 8. Hence by (10)
3 ≤ (b3c9, b3c9) ≤ 5.
Thus
3 ≤ (b3b3, c9c9) ≤ 5.
So by Hypothesis 2 ≤ (c9c9, c8) ≤ 4. Thus
2 ≤ (c9, c9c8) ≤ 4. (12)
If (c8b15, c9) ≥ 4 then by (4), we have that (b3(x+ y+ z +w), c9) ≥ 3 .
Since 1+ (c8, b15b¯15) = (1+ c8, b15b¯15) = (b3b¯3, b15b¯15) = (b3b15, b3b15) = 6
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by 10) in Lemma 5.1, we have that (c8b15, b15) = 5. Hence we get without
lose of generality by (11) that
b3y = c9 + b15 + β1, b3z = c9 + b15 + β2.
So the degrees of x, y and z are all larger or equal to 8, but |x+y+z+w| = 27,
hence | x |=| y |= |z| = 8 by (11) and (b3c9, x) = (b3c9, y) = (b3c9, z) = 1,
a contradiction to (10). If (c8b15, c¯9) = 3. Then by (5) and (12)
c8c9 = 3b15 + b6 + 2c9 + c3. (13)
where c3 ∈ B. By (4) , (b3(x+ y + z +w), c9) = 2, so by (3) (b6c9, c9) = 2
and by 10), 6) in Lemma 5.1, (b6c9, b6) = 1, (b3(x+ y+ z +w), b15) = 4,
so by (3), (13) (b6c9, b15) = 2. Hence
b6c9 = b6 + 2c9 + 2b15. (14)
So by (3),
b3(x+ y + z +w) = 4b15 + 2c9 + c3.
Then we get without lose of generality the only possibility we set
x = b8, y = b9, z = b5, w = c5,
when b8, b9, b5, c5 are reals. So
b3b8 = b15 + c9, (15)
b3b9 = b15 + c9 + c3, (16)
b3b5 = b15, (17)
b3c5 = b15, (18)
So (b3c9, b8) = 1, and by 4) in Lemma 5.1, (b3c9, b10) = 1. Thus
b3c9 = b10 + b8 + b9. (19)
So by the associative law and Hypothesis 5.1
(b23)c9 = (b3c9)b3,
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c9b3 + c9b6 = b10b3 + b8b3 + b9b3,
so by (15), (16), (14) c9b3 = b15 + c9 + c3 which contradicts the assumption
in the lemma , we conclude that (c8b15, c9) ≤ 2 and by (8) and (4),
(c8b15, c9) = 2. (20)
By (4)
(b3(x+ y + z + w), c9) = 1, (21)
and by (3), (12) we get 3 ≤ (b6c9, c9) ≤ 5, by (20) (c8c9, b15) = 2. So by
(3) and that (b3(x + y + z + w), b15) = 4 we get (b6c9, b15) = 1. And by
6) in Lemma 5.1, (b6c9, b6) = 1. So (b6c9, c9) = 3. Then by (3), (21),
(c8c9, c9) = 2. So (c8, c9c9) = 2, and by Hypothesis 5.1 (c9c9, b3b3) = 3.
Thus (b3c9, b3c9) = 3. So by 4) in Lemma 5.1 and (10) we get that
b3c9 = b10 + x+ s, (22)
s ∈ B. Also
b6c9 = 3c9 + b15 + b6 + t6, (23)
where t6 ∈ N
∗B, t6 6= b6, b6. By (9) and (22),
c8b10 = 2c8 + 2b10 + 2x+ y + z + w + S. (24)
By the associative law and 5) in Lemma 5.1:
(b23)b15 = (b3b15)b3,
b3b15 + b6b15 = 2b15b3 + b6b3 + c9b3,
by (22) and 1), 10) in Lemma 5.1
b6b15 = 3b10 + 2c8 + x+ y + z +w + x+ S. (25)
By the associative law and Hypothesis 5.1 and 5) in Lemma 5.1:
Since b15(b3b¯3) = b¯3(b15b3), then
c8b15 = 4b15 + 2b6 + 2c9 + b3 + b3c9. (26)
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By (22) and 5) in Lemma 5.1
b3c9 = b15 + ε+ θ, (27)
, where ε, θ ∈ B, | ε+ θ |= 12, so by (26)
c8b15 = 5b15 + 2b6 + 2c9 + b3 + ε+ θ.
By the associative law and Hypothesis 5.1 and 4) in Lemma 5.1:
(b23)b10 = b3(b3b10),
b10b3 + b10b6 = b15b3 + b6b3 + c9b3,
so by (27) and 5), 2), 4) in Lemma 5.1:
b6b10 = b3 + 3b15 + ε+ θ.
Lemma 5.7. Let (A, B) satisfies Hypothesis 5.1. Assume that b10 = b10 ∈
B and (b3c9, c9) = 0. Then (b6c9, c9) ≥ 1 is impossible.
Proof. We assume that our assumption is possible. By Hypothesis 5.1 and
10) in Lemma 5.1 and the associative law:
(b3b3)b15 = b3(b3b15),
b15 + c8b15 = b3b10 + b3c8 + b3x+ b3y + b3z + b3w,
by 3), 4) in Lemma 5.1, 8) in Lemma 5.6
b15+5b15+2b6+2c9+b3+ε+θ = b15+b6+c9+b3+b6+b15+b3x+b3y+b3z+b3w,
4b15 + c9 + ε+ θ = b3x+ b3y + b3z + b3w. (1)
by 10) in Lemma 5.1, and 1) in Lemma 5.6:
(b3x, b15) = (b15b3, x) = 1, (b3y, b15) = (b3b15, y) = 1,
(b3z, b15) = (b15b3, z) = 1, (b3w, b15) = (b3b15, w) = 1,
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(b3x, c9) = (b3c9, x) = 1, so x = x. If otherwise two of x, y, z, w have
degrees ≥ 8, impossible.Then
b3x = c9 + b15, (2)
then x = x8. So | y + z + w |= 19, and also we get 5 ≤| y |, | z |, | w |≤ 9
and also without lose of generality | y |= 5, hence y = y5, so
b3y5 = b15. (3)
So
| z + w |= 14. (4)
By 1) in Lemma 5.6 and that x = x8 we get that
b3c9 = b10 + x8 + s9. (5)
So by the associative law and Hypothesis 5.1 and (5):
(b23)c9 = b3(b3c9),
c9b3 + b6c9 = b3b10 + b3x8 + s9b3,
then by (2) and (6) , 3) in Lemma 5.6, 4) in Lemma 5.1:
b15 + ε+ θ + 3c9 + b15 + b6 + t6 = b15 + b6 + c9 + b15 + c9 + s9b3,
s9b3 = ε+ θ + c9 + t6. (6)
If | z |= 5, then by (4) | w |= 9, hence z = z5, w = w9. So
b3z5 = b15,
b3w9 = b15 + ε+ θ. (7)
So by (6)
(b3ε, s9) = (ε, b3s9) = 1, (b3θ, s9) = (θ, b3s9) = 1,
(b3ε, w9) = (ε, b3w9) = 1, (b3θ, w9) = (θ, b3w9) = 1.
hence
b3ε = s9 + w9, (8)
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b3θ = s9 + w9, (9)
hence ε = ε6, θ = θ6, by 4) in the Lemma 5.6 s9 = s9. So by the associative
law and Hypothesis 5.1:
ε6(b
2
3) = b3(ε6b3),
ε6b3 + ε6b6 = s9b3 + w9b3,
so by (6), (7)
ε6b3 + ε6b6 = ε6 + θ6 + c9 + t6 + b15 + ε6 + θ6,
ε6b3 + ε6b6 = 2ε6 + 2θ6 + c9 + t6 + b15,
by 6) in Lemma 5.6 (ε6b3, c9) = (ε6, b3c9) = 1 and (ε6b3, δ) = 1, where
δ = ε6 or θ6, so ε6b3 = δ + c9 + m3, so t6 = m3 + k3, and (b3m3, ε6) =
(b3ε6, m3) = 1. Therefor
(b3m3, b3m3) = (b3b3, m3m3) > 1.
In the (6) we get
(b3m3, s9) = (m3, b3s9) = 1,
then
(b3m3, b3m3) = (b3b3, m3m3) = 1,
a contradiction.
If | z |= 6 then by (4) | w |= 8, hence z = z, w = w. So
b3z6 = b15 + ε3, b3w8 = b15 + θ9.
So (ε3b3, z6) = (ε3, b3z6) = 1, hence (ε3b3, ε3b3) > 1. By (6) , (s9b3, ε3) =
(s9, b3z6) = 1, hence b3ε3 = s9, so (ε3b3, ε3b3) = 1 a contradiction. If
| z |= 7 then by (4) | w |= 7, so
z = z, w = w or z = w,
b3z7 = b15 + ε6, (10)
b3w7 = b15 + θ6. (11)
So (b3ε6, z7) = (ε6, b3z7) = 1. By (6) (b3ε6, s9) = (ε6, b3s9) = 1, hence
b3ε6 = z7 + s9 +m2.
a contradiction.
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Consequently 11) in Lemma 5.1 subcase (b6c9, c¯9) ≥ 1 is impossible and
we have only the case (b3c¯9, c9) = 1. We can state now Theorem 5.1.
Theorem 5.1. Let (A, B) be a NITA generated by an non-real element
b3 ∈ B satisfies b3b3 = 1 + c8 and b
2
3 = b3 + b6, where b6 ∈ B is non-real
and satisfying Hypothesis 5.1. Then b3b6 = c8 + b10 and if b10 = b¯10 then
(A, B) ∼= (CH(3A6), Irr(3A6)). (A, B) is table algebra of dimension 17:
B = {1, b3, b¯3, c3, c¯3, b6, b¯6, c9, c¯9, b15, b¯15, b5, c5, b8, c8, b9, b10} and
B has an increasing series of table subsets {b1} ⊆ {b1, b5, c5, b8, c8, b9,
b10} ⊆ B defined by
1) b3b¯3 = 1 + c8;
2) b23 = b3 + b6;
3) b3c3 = b9;
4) b3c¯3 = c9;
5) b3b6 = c8 + b10;
6) b3b6 = b¯3 + b¯15;
7) b3c9 = b9 + b10 + b8;
8) b3c¯9 = b¯15 + c9 + c3;
9) b3b15 = 2b¯15 + b6 + c9;
10) b3b¯15 = b10 + c8 + b9 + b8 + b5 + c5;
11) b3b5 = b15;
12) b3c5 = b15;
13) b3b8 = b15 + c¯9;
14) b3c8 = b3 + b¯6 + b15;
15) b3b9 = b15 + c¯9 + c¯3;
16) b3b10 = b15 + b¯6 + c9;
18) c23 = c¯3 + b¯6;
19) c3b6 = c¯3 + b15;
20) c3b¯6 = b10 + b8;
21) c3c9 = b3 + b15 + c¯9;
22) c3c¯9 = c8 + b9 + b10;
23) c3b15 = b5 + c5 + c8 + b8 + b9 + b10;
24) c3b¯15 = 2b15 + b¯6 + c¯9;
25) c3b5 = b¯15;
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26) c3c5 = b¯15;
27) c3b8 = c3 + b6 + b¯15;
28) c3c8 = c9 + b¯15;
29) c3b9 = b15 + b¯3 + c9;
30) c3b10 = b¯15 + b6 + c9;
31) b6b¯6 = 1 + c8 + b9 + b8 + c5 + b5;
32) b6c9 = 2b15 + 2c¯9 + b¯6;
33) b6c¯9 = b10 + c8 + 2b9 + b8 + b5 + c5;
34) b6b15 = 2c8 + 3b10 + 2b9 + 2b8 + b5 + c5;
35) b6b¯15 = 4b15 + b¯6 + b3 + c¯3 + 2c¯9;
36) b6b5 = b¯15 + b6 + c9;
37) b6c5 = b¯15 + b6 + c9;
38) b6b8 = 2b¯15 + b6 + c3 + c9;
39) b6c8 = b¯3 + 2b¯15 + b6 + c9;
40) b6b9 = b6 + 2c9 + 2b¯15;
41) b6b10 = 3b15 + b¯3 + c3 + c9;
42) b26 = 2b¯6 + c¯9 + b15;
43) c9c¯9 = 1 + 2c8 + 2b9 + 2b10 + c5 + b5 + 2b8;
44) c9b15 = 2b5 + 2c5 + 3c8 + 3b8 + 3b9 + 4b10;
45) c9b¯15 = 6b15 + 2b¯6 + b3 + c¯3 + 3c¯9;
46) c9b5 = 2b¯15 + b6 + c9;
47) c9c5 = 2b¯15 + b6 + c9;
48) c9b8 = 3b¯15 + b3 + b6 + 2c9;
49) c9c8 = 3b¯15 + c3 + b6 + 2c9;
50) c9b9 = b¯3 + 2c9 + 3b¯15 + c3 + 2b6;
51) c9b10 = b¯3 + 2c9 + 4b¯15 + c3 + b6;
52) c29 = 3b15 + b3 + c¯3 + 2b¯6 + 2c¯9;
53) b15b¯15 = 1 + 3b5 + 3c5 + 5c8 + 5b8 + 6b9 + 6b10;
54) b215 = 9b¯15 + 4b6 + 2b¯3 + 2c3 + 6c9;
55) b15b5 = 3b15 + b¯6 + b3 + c¯3 + 2c¯9;
56) b15c5 = 3b15 + b¯6 + b3 + c¯3 + 2c¯9;
57) b15b8 = 5b15 + b3 + c¯3 + 2b¯6 + 3c¯9;
58) b15c8 = 5b15 + b3 + c¯3 + 2b¯6 + 3c¯9;
59) b15b9 = 6b15 + 3c¯9 + b3 + 2b¯6 + c¯3;
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60) b15b10 = 6b15 + 3b¯6 ++b3 + c¯3 + 4c¯9;
61) b25 = 1 + b10 + b9 + b5;
62) b5c5 = b8 + c8 + b9;
63) b5b8 = c5 + c8 + b8 + b9 + b10;
64) b5c8 = c5 + b8 + b9 + b10 + c8;
65) b5b9 = c8 + c5 + b8 + b5 + b9 + b10;
66) b5b10 = c8 + b8 + b9 + b5 + 2b10;
67) c25 = 1 + b9 + b10 + c5;
68) c5b8 = b5 + c8 + b8 + b9 + b10;
69) c5c8 = b5 + c8 + b8 + b9 + b10;
70) c5b9 = b8 + c8 + b5 + c5 + b9 + b10;
71) c5b10 = b8 + c8 + b9 + c5 + 2b10;
72) b28 = 1 + b5 + c5 + c8 + 2b8 + b9 + 2b10;
73) b8c8 = b5 + c5 + c8 + b8 + 2b9 + 2b10;
74) b8b9 = b5 + c5 + 2c8 + b8 + 2b9 + 2b10;
75) b8b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10;
76) c28 = 1 + 2c8 + 2b10 + b9 + b8 + b5 + c5;
77) c8b9 = b5 + c5 + c8 + 2b8 + 2b9 + 2b10;
78) c8b10 = 2c8 + 2b10 + 2b9 + 2b8 + b5 + c5;
79) b9b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 3b10;
80) b29 = 1 + b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10;
81) b210 = 1 + 2c8 + 2b10 + 3b9 + 2b8 + 2b5 + 2c5.
Proof. The Theorem follows by Lemmas 5.1—5.7.
In this section, we don’t have information about NITA satisfying and
b10 is non-real. But we conjecture:
Conjecture 5.1 There exists no NITA satisfying Hypothesis 5.1 and
b3b6 = c8 + b10, where b10 is non-real.
6 NITA Generated by b3 Satisfying b
2
3 = c3+b6, c3 6=
b3, b¯3, b6 non-real, (b3b8, b3b8) = 4 and c
2
3 = r3 + s6
Now we discuss NITA satisfying the following hypothesis.
87
Hypothesis 6.1. Let (A, B) be a NITA generated by an non-real element
b3 ∈ B satisfies b
2
3 = c3 + b6, c3 6= b3, b¯3, b6 non-real, (b3b8, b3b8) = 4 and
c23 = r3 + s6. Here we still assume that L(B) = 1 and L2(B) = Ø.
In this section, we cannot classify NITAs satisfying Hypothesis 6.1,
but we have following theorem.
Theorem 6.1. There exists no NITA satisfying Hypothesis 6.1 and c3
generates a sub-NITA isomorphic to one of four known NITAs in Main
Theorem.
Proof. By assumptions we have that (1) b3b¯3 = 1 + b8 = c3c¯3, (2)
b23 = c3 + b6, (3) (b3b8, b3b8) = 4 and (4) c
2
3 = r3 + s6.
Step 1 There is no NITA satisfying hypothesis (1) to (4) and containing
NITA strictly isomorphic to (Ch(PSL(2, 7)), Irr(PSL(2, 7)).
By [13], (Ch(PSL(2, 7)), Irr(PSL(2, 7)) the sub-NITA generated by
c3 is of dimension 6 and has base elements: 1, c3, c¯3, s6, b7, b8. Moreover,
we have following equations:
(a1) c3b8 = c3 + s6 + b7 + b8,
(a2) s26 = 1 + 2s6 + b7 + b8,
(a3) c3s6 = c¯3 + b7 + b8.
It follows by (1) that (b3c¯3, b3c¯3) = (b3b¯3, c3c¯3) = 2, hence we get
equation (a4): b3c¯3 = b¯3+t6, where t6 ∈ B. By associative law and equations
(a1) and (a4), we have
(b3b¯3)c¯3 = c¯3 + c¯3b8 = c¯3 + c¯3 + s6 + b7 + b8,
(b3c¯3)b¯3 = b¯
2
3 + b¯3t6 = c¯3 + b¯6 + b¯3t6.
Then we get b¯6 = s6, so b6 is real. Moreover we have equation (a5):
b¯3t6 = c¯3 + s6 + b7 + b8. By (b3b¯3)b3 = b
2
3b¯3, we arrive at b3b8 = t¯6 + b¯3s6.
Now by (3) we obtain equation (a6): b¯3s6 = b3 + x + y, where distinct
b3, x and y such that x + y is of degree 15. Hence we have equation (a7):
b3b8 = b3 + t¯6 + x+ y. Therefore by (a2), (a3), (a5) and (a6)
b23s6 = (c3 + s6)s6 = c3s6 + s6s6 = c¯3 + b7 + b8 + 1 + 2s6 + b7 + b8,
b3(b3s6) = b3(b¯3 + x¯+ y¯) = 1 + b8 + b3x¯+ b3y¯.
So b3x¯+ b3y¯ = c¯3+2s6+2b7+ b8, but by (a7), the left side of this equation
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contains two b8, right side only one, , a contradiction.
Step 2. There is no NITA satisfying hypothesis (1) to (4) and con-
taining a sub-NITA generated by c3 is a NITA of dimension 17, 32 or 22.
By [13], we see that for the NITAs of dimensions 17, 32 and 22 one
can find new base elements: b5, c5, s6, x8, b9 and b10 such that following
equations hold:
(a1) c3b8 = c3 + s¯6 + b15,
(a2) s6s¯6 = 1 + b5 + c5 + b8 + x8 + b9,
(a3) c3s6 = b8 + b10.
Suppose b3c¯3 = b¯3+ t6, where t6 ∈ B. Then by hypothesis and equation
(a1) it follows that (b3b¯3)c¯3 = c¯3 + c¯3b8 = c¯3 + c¯3 + s6 + b¯15, (b3c¯3)b¯3 = b¯
2
3 +
b¯3t6 = c¯3+ b¯6+ b¯3t6. we get s6 = b¯6 and equation (a4): b¯3t6 = c¯3+ b¯15. Hence
b3 + b3b8 = (b3b¯3)b3 = b
2
3b¯3 = b¯3c3 + b¯3s¯6, we get equation: b3b8 = t¯6 + b¯3s¯6.
Now by (3) we obtain equation (a6): b¯3s¯6 = b3 + x + y, where distinct
b3, x and y such that x + y is of degree 15. Hence we have equation (a7):
b3b8 = b3 + t¯6 + x+ y. Therefore
b23s6 = (c3 + s¯6)s6 = c3s6 + s6s¯6 = b8 + b10 + 1 + b5 + c5 + b8 + x8 + b9,
b3(b3s6) = b3(b¯3 + x¯+ y¯) = 1 + b8 + b3x¯+ b3y¯.
So b3x¯ + b3y¯ = 1 + b5 + c5 + b8 + x8 + b9, which implies x8 = b8 by (a7), a
contradiction. This concludes the theorem.
7 Structure of NITA generated by b3 and satisfy-
ing b23 = c3 + b6, c3 6= b3, b¯3, (b3b8, b3b8) = 3 and c3
non-real
In this section we classify NITA generated by b3 and satisfying b
2
3 = c3+ b6,
c3 6= b3, b¯3 and c3 non-real and (b3b8, b3b8) = 3. At first, we state Hypothesis
7.1.
Hypothesis 7.1. Let (A,B) be a NITA generated by a non-real element
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b3 ∈ B such that b3b¯3 = 1+ b8 and b
2
3 = c3+ b6, c3, b6 ∈ B, c3 6= b¯3, c3 6= c¯3
and (b3b8, b3b8) = 3.
Lemma 7.1. Let (A,B) be a NITA satisfies Hypothesis 7.1.Then c3c¯3 =
b3b¯3 = 1 + b8 and b3b8 = b3 + x6 + y15 and c3b8 = c3 + y6 + z15, where
b8, x6, y15 ∈ B, and there exist r3, s6, u3, v6, w3, z6 ∈ B such that
b23 = r3 + s6, b¯3r3 = b3 + x6, b¯3s6 = b3 + y15,
b3c3 = u3 + v6, b¯3u3 = c3 + y6, b¯3v6 = c3 + z15,
b¯3c3 = w3 + z6, b3w3 = c3 + y6, b3z6 = c3 + z15.
Proof. It is obvious that (b23, b
2
3) = 2. So b
2
3 = r3+ s6 or r4+ s5. Hence
b23b¯3 = b¯3r3 + b¯3s6 or b¯3r4 + b¯3s6,
(b3b¯3)b3 = b3 + b3b8
= 2b3 + x6 + y15.
Since b3 ∈ Supp{b¯3r3} and Supp{b¯3s6} or b3 ∈ Supp{b¯3r4} and Supp{b¯3s5},
the first part of the lemma follows.
Since b3b¯3 = c3c¯3 = 1 + b8, it follow that b3c3 = u3 + v6 or u4 + v5 and
b¯3c3 = w3+ z6 or w4+ z5. The second part and the third part of the lemma
follows from (b3b¯3)c3 = (b3c3)b¯3 = (b¯3c3)b3.
Lemma 7.2. Let (A,B) satisfies Hypothesis 7.1. Then there are non-real
base elements x6, y15, x15 and real basis elements r3, s6, d9, x10, t15 such
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that the following equations hold:
b3b¯3 = 1 + b8, b
2
3 = c3 + b6,
b3c¯3 = b¯3 + x¯6, b3x6 = c3 + y15,
b3b8 = b3 + x6 + x15, b3x¯6 = b8 + x10,
b3b¯6 = b¯3 + x¯15, b3c6 = c¯3 + y¯15,
b3c3 = r3 + s6, b3r3 = c¯3 + b¯6,
b3s6 = c¯3 + y¯15, b3x10 = x6 + x15 + b9,
b3y¯15 = x¯6 + 2x¯15 + b¯9, b3y15 = s6 + 2t15 + d9,
b3b6 = r3 + t15, b3x15 = b6 + 2y15 + c9,
b3t15 = b¯6 + c¯9 + 2y¯15,
c3c¯3 = 1 + b8, c3r3 = b¯3 + x¯6,
c3s6 = b¯3 + x¯15, c
2
3 = c¯3 + b¯6,
c3b8 = c3 + b6 + y15, c3x¯6 = b3 + x15,
c3x6 = r3 + t15, c3x10 = b6 + y15 + c9,
c3y15 = b¯6 + c¯9 + 2y¯15, c3b6 = c¯3 + y¯15,
c3t15 = x¯6 + b¯9 + 2x¯15, c3x15 = 2t15 + s6 + d9,
c3x¯15 = 2x15 + x6 + b9, c3b¯6 = b8 + x10,
r3c¯3 = c3 + x6, r3b¯3 = c3 + b6,
r3x¯6 = c3 + y15, r3y15 = x¯6 + 2x¯15 + b¯9,
r3b6 = x¯15 + b¯3, r3b8 = s6 + r3 + t15,
r3x¯15 = b6 + c9 + 2y15,
r3x10 = s6 + t15 + d9,
x26 = 2b6 + y15 + c9, x6b8 = b3 + x6 + 2x15 + b9,
b26 = 2b¯6 + y¯15 + c¯9, b6x¯6 = 2x6 + b9 + x15,
b6x6 = 2s6 + t15 + d9, b6b8 = c3 + b6 + c9 + 2y15,
s6b¯6 = 2x6 + x15 + b9, s6b8 = r3 + s6 + 2t15 + d9,
s6c¯3 = b3 + x15
b8y15 = c3 + 2b6 + 2c9 + 4y15 + b¯3d9.
Proof. By Hypothesis 7.1 (b3b8, b3b8) = 3. Then the following equa-
tions hold by Lemma 4.1:
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b3b¯3 = 1 + b8, c3c¯3 = 1 + b8,
b23 = c3 + b6, b¯3c3 = b3 + x6.
Let b3x6 = c3 + y15, then
(b3b¯3)c3 = c3 + c3b8,
(b¯3c3)b3 = b
2
3 + b3x6
= c3 + b6 + c3 + y15.
Hence
c3b8 = c3 + b6 + y15.
Therefore y15 ∈ B by Lemma 4.1.
Let c3x¯6 = b3 + x15, x15 ∈ N
∗B. Since (c3c¯3)b3 = (b3c¯3)c3, it follows
that x15 ∈ B and
b3b8 = b3 + x6 + x15
by b23b¯3 = (b3b¯3)b3. Because y15 ∈ B, so (b¯3x6, b¯3x6) = (b3x6, b3x6) = 2.
Thus
b¯3x6 = b8 + x10, x10 ∈ B.
Since b23c¯3 = (b3c¯3)b3 and b
2
3b¯3 = (b3b¯3)b3, one has that
c3b¯6 = b8 + x10, b¯3b6 = b3 + x15.
By Lemma 7.1, there exist w3, z6, r3, s6 ∈ B such that
c23 = w3 + z6, w3c¯3 = c3 + b6, z6c¯3 = c3 + y15,
b3c3 = r3 + s6, b3r3 = w3 + z6, b3s6 = w3 + z15.
By Lemma 7.1 again, it follow that
r3c¯3 = b3 + x6, c¯3s6 = b3 + x15,
r3b¯3 = c3 + b6, b¯3s6 = c3 + y15.
Thus (c¯3r3, c¯3r3) = 2, which implies that r3r¯3 = 1 + b8.
Since
(b3r3)c¯3 = w3c¯3 + z6c¯3
= 2c3 + b6 + y15,
(b3c¯3)r3 = r3b¯3 + r3x¯6
= c3 + b6 + r3x¯6,
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which implies that r3x¯6 = c3 + y15.
We assert that x10 is real. In fact
b¯3(r3c¯3) = b3b¯3 + x6b¯3
= 1 + b8 + b8 + x10,
(b¯3r3)c¯3 = c3c¯3 + b6c¯3
= 1 + b8 + b8 + x¯10,
so it follows that x10 is real.
Since
b¯3(w3c¯3) = c3b¯3 + b6b¯3
= b3 + x6 + b3 + x15,
(b¯3c¯3)w3 = r¯3w3 + s¯6w3,
we have that
r¯3w3 = b3 + x6, w3s¯6 = b3 + x15.
Consequently b¯3w3 = r3 + s6.
Now we have that (b3b¯3)w3 = (b¯3w3)b3 and
w3b8 = w3 + z6 + z15.
Then w3w¯3 = 1 + b8.
Since
(b3b¯3)
2 = 1 + 2b8 + b
2
8
b23b¯
2
3 = (c3 + b6)(c¯3 + b¯6)
= 1 + b8 + c3b¯6 + c¯3b6 + b6b¯6
= 1 + 3b8 + 2x10 + b6b¯6,
so
b28 = 2x10 + b8 + b6b¯6.
By b23b¯6 = (b3b¯6)b3, we have that x10+b6b¯6 = 1+b3x¯15. Then (b3x10, x15) =
1. But (b3x10, x6) = 1. There exits b9 ∈ B such that
b3x10 = x6 + x15 + b9, b9 ∈ N
∗B.
It is easy to see that b3x10 cannot have constituents of degree 3 and 4
by L1(B) = {1} and L2(B) = ∅. Thus b9 ∈ B.
Since
(b¯3x6)b3 = b3b8 + b3x10
= b3 + x6 + x15 + x6 + x15 + b9,
(b3b¯3)x6 = x6 + x6b8,
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we have
x6b8 = b3 + x6 + 2x15 + b9.
Multiplying both sides of the equation x10 + b6b¯6 = 1 + b3x¯15 by b3, we
have that
b3x10 + (b3b¯6)b6 = b3 + b
2
3x¯15.
so
x6 + x15 + b9 + b6b¯3 + b6x¯15 = c3x¯15 + b6x¯15.
Hence
c3x¯15 = 2x15 + x6 + b9.
Now checking associative law of (b3c¯3)b6 = (c¯3b6)b3, (r3r¯3)x6 = (r¯3x6)r3
and (r3b¯3)x¯6 = (r3x¯6)b¯3, we come to
b6x¯6 = 2x6 + b9 + x15,
r3y¯15 = x6 + 2x15 + b9,
b¯3y15 = x6 + 2x15 + b9.
Hence
c3y¯15 + b6y¯15 = b
2
3y¯15 = b3(b3y¯15) = b3x¯6 + 2b3x¯15 + b3b¯9.
Since (b3x¯6, b8) = (b3x¯6, x10) = (b3x¯15, b8) = (b3x¯15, x10) = (b3b¯9, x10) =
1 and (b3b¯9, b8) = 0, we have that
(c3y¯15 + b6y¯15, b8) = 3 and (c3y¯15 + b6y¯15, x10) = 4.
Observe the degrees, we know that (c3y¯15, x10) ≤ 1. If (c3y¯15, x10) = 0,
then (b6y¯15, x10) = 4, so b6x10 = 4y15. But (b6x10, c3) = 1, a contradiction.
Hence (c3y¯15, x10) = 1 and (b6x10, y15) = (b6y¯15, x10) = 3.
Since (c3x10, c3x10) = (b3x10, b3x10) = 3 and (c3x10, b6) = 1, there
exists c9 ∈ B such that
c3x10 = b6 + y15 + c9.
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Then
(b¯3c3)x6 = b3x6 + x
2
6
= c3 + y15 + x
2
6,
(b¯3x6)c3 = c3b8 + c3x10
= c3 + b6 + y15 + b6 + y15 + c9,
(c3c¯3)b6 = b6 + b6b8,
(c¯3b6)c3 = b8c3 + x10c3
= c3 + b6 + y15 + y15 + b6 + c9,
(c3b6)c¯3 = c3 + b6 + c¯3z15,
which implies that
x26 = 2b6 + y15 + c9,
b6b8 = c3 + b6 + c9 + 2y15,
c3z¯15 = b¯6 + c¯9 + 2y¯15.
Since
(b3c¯3)
2 = (b¯3 + x¯6)
2
= b¯23 + 2b¯3x¯6 + x¯
2
6
= 2c¯3 + 3b¯6 + 3y¯15 + c¯9,
b23c¯
2
3 = c3w¯3 + c3z¯6 + w¯3b6 + b6z¯6
= c¯3 + b¯6 + c¯3 + y¯15 + b6w¯3 + b6z¯6,
but (w¯3b6, c¯3) = 1, we have that
w3b¯6 = c3 + y15,
b6z¯6 = 2b¯6 + y¯15 + c¯9.
Since
(b3r¯3)b¯6 = c¯3b¯6 + b¯
2
6
= w¯3 + z¯15 + b¯
2
6,
(b3b¯6)r¯3 = b¯3r¯3 + x¯15r¯3
= w¯3 + z¯6 + r¯3x¯15,
and (b¯26, z¯6) = 2, we have that (r¯3x¯15, z¯6) = 1. Hence (r3z¯6, x¯15) = 1. But
(r3z¯6, b¯3) = 1 by b3r3 = w3 + z6. Thus
r¯3z6 = b3 + x15.
From the following equations
b¯3(w3b¯6) = b¯3(c3 + y15)
= b3 + x6 + x6 + 2x15 + b9,
(b¯3w3)b¯6 = r3b¯6 + s6b¯6,
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and (r3b¯6, r3b¯6) = (b3b¯6, b3b¯6) = 2, (r3b¯6, b3) = 1, we come to that
r3b¯6 = b3 + x15, s6b¯6 = 2x6 + x15 + b9.
By (b3c3)r¯3 = (c3r¯3)b3 and c¯3(w3b8) = (c¯3b8)w3, we have that
r¯3s6 = b8 + x10, w3y¯15 = b6 + c9 + 2y15.
Since (r¯3b8, r¯3b8) = (r3r¯3, b
2
8) = (b3b¯3, b
2
8) = (b3b8, b3b8) = 3 by
Lemma 7.1 and (r¯3b8, s¯6) = (r¯3b8, r¯3) = 1, there exists t15 ∈ B such that
r¯3b8 = s¯6 + r¯3 + t15.
Since
(w3b8)r¯3 = w3r¯3 + z6r¯3 + z15r¯3
= b3 + x6 + b3 + x15 + r¯3z15,
(r¯3w3)b8 = b3b8 + x6b8
= b3 + x6 + x15 + b3 + x6 + 2x15 + b9,
(r¯3b8)w3 = s¯6w3 + r¯3w3 + t15w3
= b3 + x15 + b3 + x6 + w3t15,
we have that
r3z¯15 = x¯6 + 2x¯15 + b¯9,
w3t15 = x6 + b9 + 2x15.
Since
(b¯3r3)b8 = c3b8 + b8b6
= c3 + b6 + y15 + 2y15 + b6 + c3 + c9,
(b¯3b8)r3 = r3b¯3 + r3x¯6 + r3x¯15
= c3 + b6 + c3 + y15 + r3x¯15,
(r3b8)b¯3 = r3b¯3 + s6b¯3 + t¯15b¯3
= c3 + b6 + c3 + y15 + b¯3t¯15,
we have that w3 = c¯3, z6 = b¯6, z15 = y¯15 and
r3x¯15 = b6 + c9 + 2y15,
b3t15 = b¯6 + c¯9 + 2y¯15.
Further b3r3 = c¯3 + b¯6, we have that (b3c3, r¯3) = 1. But (b3c3, r3) = 1.
Hence r3 = r¯3. Moreover r¯3 + s¯6 = b3w¯3 = b3c3 = r3 + s6, which implies
that s6 = s¯6. Therefore t15 is real by the expression of r3b8, and
c3t15 = x¯6 + c¯9 + 2x¯15.
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Now we have that t15 ∈ Supp{c3x6}. Thus
c3x6 = r3 + t15.
Since
(c3r3)b¯6 = b¯3b¯6 + x¯6b¯6,
(r3b¯6)c3 = b3c3 + c3x15
= r3 + s6 + c3x15,
(c3b¯6)r3 = r3b8 + r3x10
= r3 + s6 + t15 + r3x10
and (r3x10, s6) = 1, we have s6 ∈ Supp{c3x15}. But (c3x15, t15) =
(c3t15, x¯15) = 2. Let
c3x15 = 2t15 + s6 + d9, d9 ∈ N
∗B.
Then r3x10 = s6 + t15 + d9 and by (c3r3)b¯6 = (c3b¯6)r3 we obtain
b¯3b¯6 + x¯6b¯6 = r3 + s6 + t15 + s6 + t15 + d9.
Further d9 is real for r3 and x10 are real, and
b3b6 = r3 + t15,
x6b6 = 2s6 + t15 + d9.
Since
(b3b¯3)b6 = b6 + b6b8
= b6 + c3 + b6 + c9 + 2y15,
b3(b¯3b6) = b
2
3 + b3x15
= c3 + b6 + b3x15,
(b3b6)b¯3 = r3b¯3 + t15b¯3
= c3 + b6 + b¯3t15,
we have that
b3x15 = b6 + 2y15 + c9,
b3t15 = b¯6 + c¯9 + 2y¯15.
Since
b23x6 = c3x6 + b6x6
= r3 + t15 + 2s6 + t15 + d9,
(b3x6)b3 = b3c3 + b3y15
= r3 + s6 + b3y15,
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we have that
b3y15 = 2t15 + s6 + d9.
Because (b3y15, b3y15) = (b3y¯15, b3y¯15) = 6, we have that d9 ∈ B.
Checking the associative law of (b3b¯3)s6 = (b3s6)b¯3, we have
s6b8 = r3 + s6 + 2t15 + d9.
Since
(b3b¯3)y15 = y15 + b8y15,
(b3y15)b¯3 = b¯3s6 + 2b¯3t15 + b¯3d9
= c3 + y15 + 2b6 + 2c9 + 4y15 + b¯3d9,
it follows that b8y15 = c3 + 2b6 + 2c9 + 4y15 + b¯3d9.
This is the end of the proof of the lemma.
Remark. It always follows that (c3c9, y¯15) = 1 by Lemma 7.2. So
(c3c9, c3c9) ≥ 2. At the following, we shall investigate the expression of c3c9.
Lemma 7.3. There exist no x4, y8 ∈ B such that c3c9 = x4 + y8 + y¯15.
Proof. If there exist no x4, y8 ∈ B such that
c3c9 = x4 + y8 + y¯15.
Then there exist z3 ∈ B such that c3x¯4 = c¯9 + z3. Further there is y5 ∈ B
such that c3z¯3 = x4+ y5. Thus z3z¯3 = 1+ b8. By Lemma 7.1 we have that
c3(z3z¯3) = c3 + c3b8
= 2c3 + b6 + y15,
z3(c3z¯3) = z3x4 + z3y5.
It must follow that z3x4 = 2c3 + b6, which implies that (z3c¯3, x4) = 2, a
contradiction.
Lemma 7.4. There exist no x5, y7 ∈ B such that c3c9 = x5 + y7 + y¯15.
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Proof. If some x5, y7 ∈ B such that c3c9 = x5 + y7 + y¯15. Then
(c3x¯5, c¯9) = 1. There are three possiblities:
(I) c3x¯5 = c¯9 + 2x3,
(II) c3x¯5 = c¯9 + x3 + y3,
(III) c3x¯5 = c¯9 + y6.
It is easy to see that (I) will leads to a contradiction.
If (II) follows, then c3x¯5 = c¯9+x3+y3. Set c3x¯3 = x5+z4, c3y¯3 = x5+t4,
where z4, t4 ∈ B. Hence
c¯3(c3x¯3) = c¯3x5 + c¯3z4
= c9 + x¯3 + y¯3 + c¯3z4,
(c3c¯3)x¯3 = x¯3 + x¯3b8.
Therefore (x3y¯3, b8) = 1, which implies that y¯3x3 = 1 + b8. So y3 = x3, a
contradiction.
If (III) follows, then
c¯3(c3x¯5) = c¯3c¯9 + c¯3y6
= y15 + x¯5 + y¯7 + c¯3y6
(c3c¯3)x¯5 = x¯5 + x¯5b8.
Hence x¯5b8 = y15 + y¯7 + c¯3y6. Therefore (b8y15, x¯5) = 1. By Lemma 7.2,
we have that (x¯5, b¯3d9) = 1. Since (b¯3d9, y15) = 1, we may set that
b¯3d9 = x¯5 + y15 + e7, e7 ∈ N
∗B.
If e7 = m3 + n4, then b3n4 = d9 + p3, some p3 ∈ B. Let b¯3p3 = n4 + z5,
some z5 ∈ B. Then p3p¯3 = 1 + b8. Further
b3(p3p¯3) = b3 + b3b8
= 2b3 + x6 + x15,
(b3p¯3)p3 = n¯4p3 + z¯5p3.
Notice that b3 ∈ Supp{n¯4p3} and b3 ∈ Supp{z¯5p3}, we come to a contradic-
tion.
If e7 ∈ B, then b¯3d9 = x¯5 + y15 + e7. Let b3x¯5 = d9 + u6.
We assert that u6 ∈ B. Otherwise, let u6 = r3 + s3, where r3, s3 ∈ B,
then
b3r¯3 = x5 + u4.
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Hence r3r¯3 = 1 + b8. Moreover
b3(r3r¯3) = b3 + b3b8
= 2b3 + x6 + x15,
r3(b3r¯3) = r3x5 + r3u4.
It is impossible for b3 ∈ Supp{r3x5} and b3 ∈ Supp{r3u4}.
Now we have that
b¯3(c3x¯5) = b¯3c¯9 + b¯3y6,
(b¯3c3)x¯5 = b3x¯5 + x6x¯5
= d9 + u6 + x6x¯5.
If d9, u6 ∈ Supp{b¯3y6}, then b¯3y6 = d9 + u6 + t3. Let b3t3 = y6 + p3.
Hence t3t¯3 = 1 + b8. Moreover
b3(t3t¯3) = 2b3 + x6 + x15,
t¯3(b3t3) = t¯3y6 + t¯3p3.
So t¯3y6 = b3+x15. But 3 = (b¯3y6, b¯3y6) = (t¯3y6, t¯3y6) = 2 by Lemma 2.1,
a contradiction.
If u6 ∈ Supp{b¯3y6}, d9 ∈ Supp{b¯3c¯9} or u6 ∈ Supp{b¯3c¯9}, d9 ∈ Supp{b¯3y6}.
If the former one follows, then there exists a q3 such that
b3c9 = t15 + d9 + q3.
Hence c9 ∈ Supp{b¯3d9}, a contradiction.
If u6 ∈ Supp{b¯3c¯9}, d9 ∈ Supp{b¯3y6}, then
b3d9 = y¯15 + y6 + r6,
where r6 ∈ N
∗B. But d9 is real, b¯3d9 = x¯5 + y15 + e7, a contradiction. This
is the end of the proof.
Lemma 7.5. There exist no m6 and n6 such that c3c9 = y¯15 +m6 + n6.
Proof. If there exist m6 and n6 such that c3c9 = y¯15 +m6 + n6. Then
m6 6= b6, b¯6, n6 6= b6, b¯6 by Lemma 7.2 and c3m¯6 has three possibilities
(I) c3m¯6 = c¯9 + x3 + y3 + z3, , x3, y3, z3 distinct
(II) c3m¯6 = c¯9 + x3 + y6, x3 and y6 ∈ B,
(III) c3m¯6 = c¯9 + x4 + y5, x4 and y5 ∈ B, .
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Suppose (I) follows. We may assume that c3x¯3 = m6+ r3, where r3 ∈ B.
Then
x¯3 + x¯3b8 = x¯3(c3c¯3) = (x¯3c3)c¯3 = m6c¯3 + r3c¯3 = c9 + x¯3 + y¯3 + z¯3 + r3c¯3.
Hence y¯3 ∈ Supp{x¯3b8}, which implies that x3 = y3, a contradiction.
If (II) follows, then (c3x¯3, c3x¯3) = 2, from which x3x¯3 = 1 + b8 follows.
Also we may set that c3m¯3 = x3 + t6, where t6 ∈ B. Hence
(c3c¯3)x¯3 = x¯3 + x¯3b8,
c¯3(c3x¯3) = c¯3m6 + c¯3m3
= x¯4 + y¯5 + c9 + x¯3 + t¯6.
Therefore x3b8 = x4 + y5 + c¯9 + t6. We have that (x3b8, x3b8) = 4. But by
Lemma 4.2, (x3b8, x3b8) = (b3b8, b3b8) = 3, a contradiction.
If (III) follows, set c3x¯4 = m6 + p6, where p6 ∈ B. By c¯3(c3m¯6) =
(c3c¯3)m¯6, one has that
m¯6b8 = y15 + m¯6 + n¯6 + p¯6 + c¯3y5.
Hence (b8y15, m¯6) = 1. By the expression of b8y15 in Lemma 7.2, (m¯6, b¯3d9) =
1. But (y15, b¯3d9) = 1. There exists q6 ∈ N
∗B such that
b¯3d9 = y15 + m¯6 + q6. (64)
If q6 6∈ B, then q = 2z3 or q6 = w3 + u3. If the first one holds, then
(b¯3d9, z3) = 2 and (b3z3, d9) = 2, which is impossible. So the second one
follows. Consequently b3w3 = d9. Hence
w3 + w3b8 = w3(b3b¯3) = b¯3(b3w3) = b¯3d9 = y15 + m¯6 + w3 + u3.
We can see that w3u¯3 = 1 + b8. Then w3 = u3, a contradiction. Hence
p6 ∈ B. It follows by Lemma 7.2 and (64) that
b8y15 = 5y15 + 2c9 + 2b6 + c3 + m¯6 + q6.
Since
c3(b¯3d9) = c3y15 + c3m¯6 + c3q6
= b¯6 + c¯9 + 2y¯15 + x4 + y5 + c¯9 + c3q6,
(c3b¯3)d9 = b3d9 + x6d9
= y¯15 +m6 + q¯6 + x6d9,
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we have that (c3q6, m6) ≥ 1. Hence (c3m¯6, q¯6) ≥ 1, a contradiction to our
assumption. The is the end of the proof.
Lemma 7.6. No NITA such that (c3c9, c3c9) ≥ 4.
Proof. The proof is given in three steps.
Step 1. The following equations hold:
(i) c3c9 = y¯15 + y3 + z3 + w3 + u3,
(ii) c3c9 = y¯15 + y3 + y3 + y6,
(iii) c3c9 = y¯15 + y3 + y4 + y5,
(iv) c3c9 = y¯15 + y4 + z4 + w4.
For any z ∈ Supp{c3c9} \ {y¯15}, it is enough to prove that (c3c9, z) = 1.
Otherwise (c3c9, z) ≥ 2. Since c3c9 − y¯15 is of degree 12, one has that
(c3c9, z) = 2 and z is of degree 6. So c3c9 = y¯15 + 2z6, c3z¯6 = 2c¯9. Hence
z¯6 + z¯6b8 = (c3c¯3)z¯6 = c¯3(c3z¯6) = 2c¯3c¯9 = 2y15 + 4z¯6.
Thus z¯6b8 = 2y15 +3z¯6. Consequently (b8y15, z¯6) = 2. By the expression of
b6b8 in Lemma 7.2, z6 6= b6, b¯6. the expression of b8y15 in Lemma 7.2,
we have that
b¯3d9 = y15 + 2z¯6,
b8y15 = 5y15 + 2c9 + 2b6 + c3 + 2z¯6,
Therefore b3z¯6 = 2d9.
Since
(b3b¯3)d9 = d9 + b8d9,
b3(b¯3d9) = b3y15 + 2b3z¯6
= s6 + 2t15 + 5d9,
it follows that b8d9 = s6 + 2t15 + 4d9. Consequently
b8(b3z¯6) = 2b8b9
= 2s6 + 4t15 + 8d9,
(b3b8)z¯6 = b3z¯6 + x6z¯6 + x15z¯6
= 2d9 + x6z¯6 + x15z¯6.
Then x6z¯6 + x15z¯6 = 2s6 + 4t15 + 6d9. We have exactly three possibilities:
(I) x6z¯6 = 4d9, x15z¯6 = 2s6 + 4t15 + 2d9,
(II) x6z¯6 = s6 + 2t15, x15z¯6 = s6 + 2t15 + 6d9,
(III) x6z¯6 = 2s6 + t15 + d9, x15z¯6 = 3t15 + 5d9.
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The first case implies that
b¯3(x6z¯6) = 4b¯3d9
= 4y15 + 8z¯6,
(b¯3x6)z¯6 = b8z¯6 + x10z¯6
= 2y15 + 3z¯6 + x10z¯6.
So x10z¯6 = 2y15 + 5z¯6. Thus (z6z¯6, x10) = 5, a contradiction.
The second and the third cases mean (z6d9, x15) = 6 and (z6d9, x15) = 5
respectively. It is impossible.
Step 2. No NITA such that (i), (ii) and (iii).
It is enough to show that y3 ∈ Supp{c3c9}. If y3 ∈ Supp{c3c9}, then
c¯3y3 = c9. Hence (b¯3y3, b¯3y3) = (c¯3y3, c¯3y3) = 1 by Lemma 2.1. Let
b¯3y3 = g9, g9 ∈ B. Then
b3c9 = b3(c¯3y3) = (b3c¯3)y3 = b¯3y3 + x¯6y3 = g9 + x¯6y3.
Since (t15, b3c9) = 1, we have that b3c9 = g9 + t15 + α3, some α3 ∈ B.
Therefore (b3c9, b3c9) = 3. But (b3c9, b3c9) = (c3c9, c3c9) by Lemma 2.1.
It is impossible for (c3c9, c3c9) ≥ 4.
Step 3. No NITA satisfies (iv).
If (iv) holds, then there exist m3 such that c¯3y4 = c9+m3. Thus c3m3 =
y4 + k5, some k5 ∈ B. So (c3m3, c3m3) = 2, which implies that m3m¯3 =
1 + b8. Hence
m¯3y4 + m¯3k5 = c3(m3m¯3) = c3 + c3b8 = (c3c¯3)m¯3 = 2c3 + b6 + y15.
It is impossible for c3 ∈ Supp{m¯3y4} and Supp{m¯3k5}. The lemma follows.
Lemma 7.7. No NITA such that (c3c9, c3c9) = 2.
Proof. If (c3c9, c3c9) = 2, then c3c9 = y¯15 + b12, b12 ∈ B and c3c¯9 =
x10 + x17, x17 ∈ B.
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Since c¯3(c3c9) = c¯3y¯15 + c¯3b12 = b6 + c9 + 2y15 + c¯3b12, we have that
b8c9 = b6 + 2y15 + c¯3b12. On the other hand, since
c9 + b8c9 = (c3c¯3)c9 = c3(c¯3c9) = c3(x¯10 + x¯17) = b6 + y15 + c9 + c3x¯17,
we have that b8c9 = b6 + y15 + c3x¯17. By the expression of b8y15 in Lemma
7.2, (b8c9, y15) = 2. Hence y15 ∈ Supp{c3x¯17}, which implies that x17 ∈
Supp{c3y¯15}. By the expressions of c3b8 and c3x10 in Lemma 7.2, (c3y¯15, b8) =
(c3y¯15, x10) = 1. There exists t10 ∈ N
∗B such that c3y¯15 = x17+ b8+ x10+
t10, some t10 ∈ N
∗B. The expression of c3y15 in Lemma 7.2 means that
(c3y15, c3y15) = 6. Hence (c3y¯15, c3y¯15) = 6. So t10 = x3 + y3 + z4. It leads
to y15 ∈ Supp{c3y¯3}, a contradiction. The lemma follows.
Lemma 7.8. c3c9 = d3 + c¯9 + y¯15.
Proof. At first by previous lemma in this section, we know that (c3c9, c3c9) =
3 and c3c9 is a sum of irreducible base elements of degree 3, 9 and 15. So we
may assume that c3c9 = d3 + y9 + y¯15, where d3, y9 ∈ B. Then c3d¯3 = c¯9.
Checking associative law for c¯3(c3d¯3) = (c3c¯3)d¯3, it follows that
d¯3b8 = y¯9 + y15.
Since
b6(b3x¯6) = b6b8 + b6x10
= c3 + b6 + c9 + 2y15 + b6x10,
(b6x¯6)b3 = 2b3x6 + b3b9 + b3x15
= 2c3 + 2y15 + b3b9 + b6 + 2y15 + c9,
we have that
b6x10 = b3b9 + c3 + 2y15.
Since (c23)d¯3 = c¯3d¯3 + b¯6d¯3, c3(c3d¯3) = c3c¯9 and x10 ∈ Supp{c3c¯9} by
Lemma 7.2, we come to x10 ∈ Supp{b¯6d¯3}. So (b6x10, d¯3) = 1. Further
(b3b9, d¯3) = 1. Thus
b3d3 = b¯9.
Therefore
b¯3b¯9 = b¯3(b3d3) = (b¯3b3)d3 = d3 + d3b8 = d3 + y9 + y¯15,
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which implies that
b3b9 = d¯3 + y¯9 + y15,
b6x10 = d¯3 + c3 + y¯9 + 3y15.
Since (r3b3)d3 = c9 + b¯6d3 and (b3d3)r3 = r3b¯9, we have that c9 ∈
Supp{r3b¯9}. But y15 ∈ Supp{r3b¯9} by Lemma 7.2. Thus there exits
m3 ∈ B such that
r3b¯9 = m3 + c9 + y15.
Hence b9 ∈ Supp{r3c¯9}. But (r3c¯9, x15) = 1 by Lemma 7.2. Therefore
r3c¯9 = n3 + b9 + x15, n3 ∈ B.
By r3 real, it follows that
r3n3 = c¯9.
Further
r3(r3c¯9) = r3x15 + r3b9 + r3n3
= b¯6 + c¯9 + 2y¯15 + c¯9 + y¯15 + m¯3 + c¯9,
r23 c¯9 = c¯9 + b8c¯9,
so that
b8c¯9 = b¯6 + 2c¯9 + 3y¯15 + m¯3.
Hence (b8y15, c9) = 3.
By the expression of b8y15 in Lemma 7.2, we have (b¯3d9, c9) = 1. From
the expression of b3t15 in Lemma 7.2, one has that (t15, b3c9) = 1. Hence
there exists u3 ∈ B such that
b3c9 = u3 + d9 + t15.
Thus b¯3u3 = c9. Moreover
c3b9 = (b¯3d¯3)c3 = b¯3(c3d¯3) = b¯3c¯9 = u¯3 + d9 + t15.
Thus u3c3 = b¯9.
Since
c¯3(b3u¯3) = c¯3c¯9
= d¯3 + y¯9 + y15,
(b3c¯3)u¯3 = b¯3u¯3 + x¯6u¯3,
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we have that
b3u3 = y9 and u3x6 = y¯15 + d¯3.
Hence
c3y9 = c3(b3u3) = b3(u3c3) = b3b¯9.
Since (x10, b3b¯9) = 1 by Lemma 7.2, one has that (x10, c3y9) = 1, so
(y¯9, c3x10) = 1. Therefore y¯9 = c9 by the expression of c3x10 (see Lemma
7.2. The lemma follows.
Lemma 7.9. NITA generated by c3 is isomorphic to the algebra of charac-
ters of 3 · A6: (Ch(3 · A6), Irr(3 · A6)). Further we have all equations of
products of base elements in table subset D listed in Section 2.
Proof. By Lemma 7.2 and Lemma 7.8 the sub-algebra generated by
c3 satisfies the following equations:
c3c¯3 = 1 + b8, c
2
3 = c¯3 + b¯6, c3b6 = c¯3 + y¯15,
c3b¯6 = b8 + x10, x10 real, c3x10 = b6 + c9 + y15, c3y15 = b¯6 + c¯9 + 2y¯15.
Changing c3 into b3, b6 into b¯6, y15 into b15, x10 into b10, we can see above
equations are the same as those inHypothesis 5.1 and Lemma 5.1. Hence
NITA generated by c3 is exactly the table algebra of characters of 3 ·A6 by
Theorem 5.1. Of course we have equations of products of base elements
in table subset D listed in Section 2.
Now let’s continue our calculation, we shall come to a new NITA which
is not derived from groups.
Theorem 7.1. If c3 is non-real, (b3b8, b3b8) = 3. Then NITA generated by
b3 with b
2
3 = c3 + b6 is isomorphic to the NITA in (A(3 · A6 · 2), B32), the
NITA of dimension 32 in Section 2.
Proof. By Lemma 7.9, we may say that we have found a table subset:
D = {1, b8, x10, b5, c5, c8, x9, c3, c¯3, d3, d¯3, c9, c¯9, b6, b¯6, y5, y¯15}.
To prove NITA is isomorphic to NITA of dimension 32 in Section 2, it is
enough to find out all basis elements outside D and remaining expressions of
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all products of basis elements. Of course at this moment we have found a lot
of them in Lemma 7.1, 7.2 and 7.8. So what we do is to find out others.
In order to make the proof easily read, we divide the proof into several steps:
Step 1. b3b9 = y15 + c9 + d¯3, b3d3 = b¯9, b3b¯9 = x9 + c8 + x10,
b3d9 = c¯9 + d3 + y¯15, b3d¯3 = d9, b3c¯9 = b¯9 + x¯15 + z3, b3z¯3 = c9, b3x¯15 =
b5 + c5 + b8 + c8 + x9 + x10, b3z3 = x9, b3y3 = c¯9.
Since by Lemma 7.2
b23x10 = c3x10 + b6x10
= b6 + c9 + y15 + 3y15 + c3 + d¯3 + c9,
(b3x10)b3 = x6b3 + x15b3 + b9b3
= c3 + y15 + b6 + 2y15 + c9 + b3b9,
we have that b3b9 = y15 + c9 + d¯3. Further b3d3 = b¯9. So
b3b¯9 = (b3d3)b3 = b
2
3d3 = c3d3 + b6d3 = x9 + c8 + x10.
Set b3d¯3 = y9. Since b3d3 = b¯9, then y9 ∈ B. And
b3y9 = (b3d¯3)b3 = b
2
3d¯3 = c3d¯3 + b6d¯3 = c¯9 + d3 + y¯15.
We have that (b3y15, y¯9) = 1. But b3y15 = s6 + 2t15 + d9, thus d9 = y¯9 and
b¯3d3 = d9.
Since (b3x15, c9) = (b3b9, c9) = 1, there exists z3 ∈ B such that
b3c¯9 = b¯9 + x¯15 + z3.
Hence b3z¯3 = c9.
Since
b23b¯6 = c3b¯6 + b6b¯6
= b8 + x10 + 1 + b8 + b5 + c5 + c8 + x9,
(b3b¯6)b3 = b3b¯3 + b3x¯15
= 1 + b8 + b3x¯15,
we have that
b3x¯15 = b5 + c5 + b8 + c8 + x9 + x10.
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Now we have
b23c¯9 = c3c¯9 + b6c¯9
= c8 + x9 + x10 + 2x9 + b8 + x10 + c8 + b5 + c5,
(b3c¯9)b3 = b3b¯9 + b3x¯15 + b3z3
= c8 + x9 + x10 + b5 + c5 + b8 + c8 + x9 + x10 + b3z3,
which imply b3z3 = x9.
Step 2. b3c9 = t15+d9+y3, y3 real, d3x¯6 = t15+ y¯3, c3b9 = t15+d9+y3,
c3y3 = b¯9,b3y3 = c¯9 and b8t15 = r3 + y¯3 + 5t15 + 2s6 + 3d9.
We have that
b3c9 = b3(d3c¯3) = (b3c¯3)d3 = b¯3d3 + x¯3d3 = d9 + x¯6d3.
Hence (b3c9, d9) = 1. But by Lemma 7.2 (b3t15, c¯9) = 1. Then there exists
y3 ∈ B such that
b3c9 = t15 + d9 + y3, d3x¯6 = t15 + y¯3.
Consequently b3y¯3 = c¯9. Because b3c9 = (d3c¯3)b3 = (b3d3)c¯3 = c¯3b¯9, we
have that
c3b9 = t15 + d9 + y3.
Consequently c3y¯3 = b¯9. Since
b23c9 = c3c9 + b6c9
= d3 + c¯9 + y¯15 + b¯6 + 2c¯9 + 2y¯15,
(b3c9)b3 = b3t15 + b3d9 + b3y3
= b¯6 + c¯9 + 2y¯15 + d3 + c¯9 + y¯15 + b3y3,
then b3y3 = c¯9.
Because we have that
(b3b¯3)t15 = t15 + b8t15
(b3t15)b¯3 = b¯3b¯6 + b¯3c¯9 + 2b¯3y¯15
= r3 + t15 + d9 + y¯3 + t15 + 2s6 + 4t15 + 2d9,
so b8t15 = r3 + y¯3 + 5t15 + 2s6 + 3d9, which implies that y3 is real.
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Step 3. b3d9 = c¯9+ y¯15+ d3, r3t15 = b5+ c5+ b8+ c8+ x9+ x10, r3d9 =
c8 + x9 + x10.
Since
b23y15 = c3y15 + b6y15
= b¯6 + c¯9 + 2y¯15 + c¯3 + d3 + b¯6 + 2c¯9 + 4y¯15,
(b3y15)b3 = b3s6 + 2b3t15 + b3d9
= c¯3 + y¯15 + b3d9 + 2b¯6 + 2c¯9 + 4y¯15,
then b3d9 = c¯9 + y¯15 + d3.
Since r23b8 = (r3b8)r3 and r
2
3x10 = (r3x10)r3, we have that
r3t15 = b5 + c5 + b8 + c8 + x9 + x10,
r3d9 = c8 + x9 + x10.
Step 4. r3d3 = b9 and r3b9 = d3 + c¯9 + y¯15.
There are three possibilities: r3d3 = t9, m3 + n6, m4 + n5. Thus
r23d3 = d3 + d3b8
= d3 + c¯9 + y¯15,
(r3d3)r3 = r3t9
or m3r3 + n6r3
or m4r3 + n5r3,
If r3d3 = m3 + n6, then m3r3 = c¯9 and r3n6 = d3 + y¯15. But r3y¯15 =
x6 + 2x15 + b9. Hence n6 = x6, so that (r3x6, d3) = 1, a contradiction.
If r3d3 = m4+n5, thenm4r3 = d3+c¯9 and r3n5 = y¯15. But (r3y¯15, n5) =
0, a contradiction. Hence r3d3 = t9 and r3t9 = d3 + c¯9 + y¯15, which implies
that (r3y¯15, t9) = 1. Then t9 = b9.
Step 5. x6y15 = r3+4t15+s6+2d9+y3, b8x15 = b3+z¯3+2x6+5x15+3b9,
b8b9 = z¯3 + x6 +2b9 +3x15, b8d9 = y3 + s6 +2d9 +3t15, y3b8 = d9 + t15 and
b6b9 = s6 + 2d9 + 2t15 and b6x15 = r3 + s6 + y3 + 2d9 + 4t15.
The above equations follow from b3x
2
6 = (b3x6)x6, (b3b¯3)x15 = (b3x15)b¯3,
(b3b¯3)b9 = b3b9)b¯3, (b3b¯3)d9 = (b3d9)b¯3, (b3b¯3)y3 = (b3y3)b¯3, b
2
3b9 = (b3b9)b3
and b23x15 = (b3x15)b3.
Step 6. c3d9 = b¯9 + z3 + x¯15, b6d9 = x¯6 + 3b¯9 + 2x¯15, z3c¯3 = d9.
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Since
b23d9 = c3d9 + b6d9,
(b3d9)b3 = b3d3 + b3c¯9 + b3y¯15
= 2b¯9 + 3x¯15 + z3 + x¯6,
and (c3x15, d9) = 1, which the Step 6 follows from.
Step 7. b8x15 = b3 + z¯3 + 2x6 + 5x15 + 3b9, b3x9 = z¯3 + b9 + x15,
b3c8 = x15 + b9, b3b5 = x15 and b3c5 = x15.
By Lemma 7.2 and Step 1, we have
(b3x15)b¯3 = b6b¯3 + 2y15b¯3 + c9b¯3 = b3 + x15 + x6 + 2x15 + b9 + b9 + x15 + z¯3
(b3b¯3)x15 = x15 + b8x15,
hence
b8x15 = b3 + z¯3 + 2x6 + 5x15 + 3b9
Consequently we have the following equations:
b28b3 = b3 + 2b3b8 + 2b3x10 + b3b5 + b3c5 + b3c8 + b3x9
= 3b3 + 2x6 + 2x15 + 2x6 + 2x15 + 2b9 + b3b5 + b3c5 + b3c8 + b3x9,
(b3b8)b8 = b3b8 + x6b8 + x15b8
= b3 + x6 + x15 + b3 + x6 + b9 + 2x15 + b3 + z¯3 + 2x6 + 5x15 + 3b9,
which imply that
b3b5 + b3c5 + b3c8 + b3x9 = 4x15 + 2b9 + z¯3.
By the expression of b3x¯15 in Step 3, it can be easily show that Step 7
follows.
Step 8. r3b5 = t15, r3c5 = t15, r3c8 = t15 + d9, r3x9 = t15 + d9 + y3 and
r3y3 = x9.
Since
b28r3 = r3 + 2r3b8 + 2r3x10 + r3b5 + r3c5 + r3c8 + r3x9
= r3 + 2r3 + 2s6 + 2t15 + 2s6 + 2t15 + 2d9 + r3b5 + r3c5 + r3c8 + r3x9,
(r3b8)b8 = r3b8 + b8s6 + b8t15
= r3 + s6 + t15 + r3 + s6 + 2t15 + d9 + r3 + y3 + 5t15 + 2s6 + 3d9,
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it holds that
r3b5 + r3c5 = r3c8 + r3x9 = 4t15 + 2d9 + y3.
But (r3t15, x9) = 1. The first four equations follow from above equation.
Consequently, r3y3 = x9.
Step 9. r3c9 = b¯9+ x¯15+z3, r3z3 = c9, x6y¯15 = b¯3+z3+ x¯6+4x¯15+2b¯9,
x6c9 = 2t15+2d9+ s6, x6x10 = b9+ b3+ z¯3+3x15, x6x¯6 = 1+ b8+ b5+ c5+
c8 + x9, x6s6 = 2b¯6 + c¯9 + y¯15 and x6c¯9 = 2x¯15 + x¯6 + 2b¯9.
Since r23b9 = (r3b9)r3, we have the first equation, which the second
equation follows from. The rest of equations follow from associativity of
(c3b8)x¯6 = b8(c3x¯6), (d3b8)x¯6 = b8(d3x¯6), (b3x¯6)x6 = (b3x6)x¯6, (b3c¯3)x6 =
(b3x6)c¯3, (b3c3)x6 = b3(c3x6) and (r3c3)c9 = r3(c3c9) respectively.
Step 10. x6y3 = d3 + y¯15.
By known equations, we have that (x6y3, y¯15) = (x6y15, y3) = 1 and
(x6y3, d3) = (x6d¯3, y3) = 1, which Step 10 follows from.
Step 11. x6b5 = x6 + b9 + x15, x6c5 = x6 + b9 + x15, x6c8 = x6 + b9 +
2x15 + z3 and z3x6 = x10 + c8.
Since
b28x6 = x6 + 2x6b8 + 2x6x10 + x6b5 + x6c5 + x6c8 + x6x9
= x6 + 2b3 + 2x6 + 2b9 + 4x15 + 2b9 + 2b3 + 2z¯3 + 6x15+
x6b5 + x6c5 + x6c8 + x6 + 2b9 + 2x15,
(b8x6)b8 = b3b8 + x6b8 + b9b8 + 2b8x15
= b3 + x6 + x15 + b3 + x6 + b9 + 2x15 + z¯3 + x6 + 2b9+
+3x15 + 2b3 + 2z¯3 + 4x6 + 10x15 + 6b9,
we have that
x6b5 + x6c5 + x6c8 = 3x6 + 3b9 + z¯3 + 4x15.
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By the expression of x6x¯6 in Step 9, we have that (x6b5, x6) = (x6c5, x6) =
(x6c8, x6) = 1. The first three equations of Step 11 follows by com-
paring the degrees. Hence (x6z3, c8) = 1. In addition to (z3x6, x10) =
(x6x10, z¯3) = 1, which the last equation follows from.
Step 11. x6x9 = x6+2b9+2x15, x6d9 = b¯6+2c¯9+2y¯15, x6d3 = z3+ x¯15
and x6b9 = 2c¯9 + b¯6 + 2y¯15.
It follows from (b3z3)x6 = b3(z3x6), (z3c¯3)x6 = c¯3(z3x6), (r3c3)d¯3 =
r3(c3d¯3) and (r3c3)b¯9 = (r3b¯9)c3 respectively.
Step 12. Based on the equations known by us, we can check the inner
products of some products of basis elements and come to the following table:
values of inner products new equations
(z3b9, b8) = (b8b9, z¯3) = 1
(z3x15, b8) = (b8x15, z¯3) = 1 z3b8 = b¯9 + x¯15
(x6x10, b9) = (x6c5, b9) = (x6b5, b9) = 1
(x6b8, b9) = (x6c8, b9) = 1, (x6x9, b9) = 2 x6b¯9 = b5 + c5 + x10 + b8 + c8 + 2x9
(x6b8, x15) = 2, (x6x10, x15) = 3,
(x6b5, x15) = (x6c5, x15) = 1 x6x¯15 = b5 + c5 + 2b8 + 3x10 + 2c8 + 2x9
(x6c8, x15) = (x6x9, x15) = 2
(x6c3, t15) = (x6d¯3, t15) = (x6b6, t15) = 1
(x6c9, t15) = 2, (x6y15, t15) = 4 x6t15 = c¯3 + d3 + 2c¯9 + 4y¯15 + b¯6
(x6z¯3, d¯3) = (x6y¯15, z3) = 1 x6z¯3 = d¯3 + y15
(x6d3, x¯15) = (x6b¯6, x¯15) = (x6c¯3, x¯15) = 1
(x6c¯9, x¯15) = 2, (x6y¯15, x¯15) = 4 x6x15 = 4y15 + b6 + 2c9 + d3 + c3
Step 13. Repeatedly considering the associativity of basis elements, we
can come to new equations. Since the process is trivial and repeated, the
concrete process are omitted and corresponce between associativity of basis
elements and new equations are listed in following table. Occasionally we
need check the inner products based on the old and new equations to obtain
more new equation, at this moment, an explanation is given:
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associativity checked new equations
or inner products
(b3c3)d¯3 = b3(c3d¯3) d3s6 = z¯3 + x15
(b3c3)y3 = b3(c3y3) y3s6 = c8 + x10
(b3c3)z3 = (b3z3)c3 z3s6 = d¯3 + y15
(b3c3)z¯3 = b3(c3z¯3) z¯3s6 = d3 + y¯15
(b3c3)s6 = b3(c3s6) s
2
6 = 1 + b5 + c5 + b8 + c8 + x9
(b3c3)b9 = b3(c3b9) b9s6 = b¯6 + 2c¯9 + 2y¯15
(b3c3)x15 = b3(c3x15) s6x15 = c¯3 + d3 + b¯6 + 2c¯9 + 4y¯15
(b3c3)t15 = b3(c3t15) s6t15 = b5 + c5 + 2b8 + 2c8 + 2x9 + 3x10
(b3c3)d9 = b3(c3d9) s6d9 = b5 + c5 + 2x9 + b8 + c8 + x10
(b3c3)x10 = b3(c3x10) s6x10 = r3 + y3 + d9 + 3t15
(b3c3)b5 = b3(c3b5) s6b5 = s6 + d9 + t15
(b3c3)c5 = b3(c3c5) s6c5 = s6 + t15 + d9
(b3c3)c8 = b3(c3c8) s6c8 = y3 + s6 + d9 + 2t15
(b3c3)x9 = b3(c3x9) s6x9 = s6 + 2d9 + 2t15
(b3c3)c9 = b3(c3c9) s6c9 = x¯6 + 2b¯9 + 2x¯15
(s6b3, y¯15) = 1
(s6b9, y¯15) = 2, (s6x15, y¯15) = 4
(s6z¯3, y¯15) = (s6x6, y¯15) = 1 s6y15 = 2b¯9 + 4x¯15 + z3 + x¯6 + b¯3
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associativity checked new equations
or inner products
(b3d3)b9 = d3(b3b9) b9b¯9 = 1 + b5 + c5 + 2b8 + 2c8 + 2x9 + 2x10
(b3d3)b¯9 = d3(b3b¯9) b
2
9 = d¯3 + c3 + 2b6 + 2c9 + 3y15
(b3d3)x¯15 = d3(b3x¯15) b9x15 = 6y15 + 3c9 + d¯3 + 2b6 + c3
(b3d3)x15 = d3(b3x15) b9x¯15 = 2b5 + 2c5 + 3c8 + 3b8 + 4x10 + 3x9
(b3d3)t15 = d3(b3t15) b9t15 = d3 + c¯3 + 6y¯15 + 3c¯9 + 2b¯6
(b3d3)d9 = d3(b3d9) b9d9 = c¯3 + d3 + 2b¯6 + 2c¯9 + 3y¯15
(b3d3)y3 = d3(b3y3) b9y3 = c¯3 + y¯15 + c¯9
(b3d3)z3 = d3(b3z3) b9z¯3 = c9 + c3 + y15
(b3d3)z¯3 = d3(b3z¯3) b9z3 = b8 + x9 + x10
(b3d3)x10 = b3(d3x10) b9x10 = z¯3 + b3 + 2b9 + x6 + 4x15
(b3d3)b5 = b3(d3b5) b¯9c9 = b3 + z¯3 + 2x6 + 3x15 + 2b9
(b3d3)c5 = b3(d3c5) b9c9 = r3 + y3 + 2s6 + 2d9 + 3t15
(b3d3)b6 = b3(d3b6) b¯9b6 = 2b9 + 2x15 + x6
(b3d3)c8 = b3(d3c8) b¯9y15 = 6x15 + b3 + z¯3 + 2x6 + 3b9
(b3d3)x9 = b3(d3x9) b¯9x9 = 2b¯9 + 3x¯15 + z3 + b¯3 + 2x¯6
(b3d3)y¯15 = b3(d3y¯15) b¯9y¯15 = r3 + y3 + 2s6 + 6t15 + 3d9
(b3d3)d3 = b3(d
2
3) b¯9d3 = r3 + t15 + d9
(b3d3)c3 = b3(d3c3) b¯9c3 = z¯3 + b9 + x15
(b3d3)d¯3 = b3(d3d¯3) b9d3 = b¯3 + b¯9 + x¯15
(b3d3)c3 = b3(d3c3) b9c¯3 = z3 + b¯9 + x¯15
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associativity checked new equations
or inner products
(b3b5)x15 = (b3x15)b5 x
2
15 = 2c3 + 2d¯3 + 4b6 + 6c9 + 9y15
(b3b5)x¯15 = (b3x¯15)b5 x15x¯15 = 1 + 6x9 + 3b5 + 3c5 + 5b8+
+5c8 + 6x10
(b3b5)t15 = (b3t15)b5 x15t15 = 4b¯6 + 6c¯9 + 9y¯15+
+2c¯3 + 2d3
(b3b5)d9 = (b3d9)b5 x15d9 = c¯3 + d3 + 2b¯6 + 3c¯9 + 6y¯15
(b3b5)z3 = (b3z3)b5 x15z3 = b5 + c5 + b8 + c8 + x9 + x10
(b3b5)b5 = b3b
2
5 x15b5 = z¯3 + b3 + x6 + 2b9 + 3x15
(b3b5)x10 = (b3x10)b5 x15x10 = b3 + z¯3 + 3x6 + 4b9 + 6x15
(b3b5)c5 = (b5c5)b3 x15c5 = b3 + z¯3 + x6 + 2b9 + 3x15
(b3b5)c8 = (b5c8)b3 x15c8 = b3 + z¯3 + 2x6 + 3b9 + 5x15
(b3b5)x9 = (b5x9)b3 x15x9 = b3 + z¯3 + 2x6 + 3b9 + 6x15
(b3b5)d3 = (b5d3)b3 x15d3 = x¯6 + 2x¯15 + b¯9
(b3b5)d¯3 = (b5d¯3)b3 x15d3 = s6 + d9 + 2t15
(b3b5)c9 = (b5c9)b3 x15c9 = r3 + y3 + 2s6 + 6t15 + 3d9
(b3b5)c¯9 = (b5c¯9)b3 x15b¯9 = b¯3 + z3 + 2x¯6 + 3b¯9 + 6x¯15
(b3b5)b¯6 = (b5b¯6)b3 x15b¯6 = b¯3 + z3 + 2b¯9 + 4x¯15 + x¯6
(b3b5)y15 = (b5y15)b3 x15y15 = 2y3 + 2r3 + 4s6 + 6d9 + 9t15
associativity checked new equations
or inner products
(b3b6)t15 = (b3t15)b6 t
2
15 = 1 + 5b8 + 5c8 + 3b5 + 3c5 + 6x10 + 6x9
(b3b6)d9 = (b3d9)b6 d9t15 = 2b5 + 2c5 + 3b8 + 3c8 + 3x9 + 4x10
(b3b6)y3 = (b3y3)b6 y3t15 = b5 + c5 + b8 + c8 + x9 + x10
(b3b6)z3 = (b3z3)b6 z3t15 = b6 + c9 + 2y15
(b3b6)x10 = (b6x10)b3 t15x10 = r3 + y3 + 4d9 + 3s6 + 6t15
(b3b6)b5 = (b6b5)b3 t15b5 = r3 + y3 + s6 + 2d9 + 3t15
(b3b6)c5 = (b6c5)b3 t15c5 = r3 + y3 + s6 + 2d9 + 3t15
(b3b6)c8 = (b6c8)b3 t15c8 = r3 + y3 + 2s6 + 3d9 + 5t15
(b3b6)x9 = (b6x9)b3 t15x9 = r3 + y3 + 3d9 + 2s6 + 6t15
(b3b6)d3 = (b6d3)b3 t15d3 = x6 + b9 + 2x15
(b3b6)c9 = (b6c9)b3 t15c9 = b¯3 + z3 + 3b¯9 + 2x¯6 + 6x¯15
(b3b6)b6 = b3b
2
6 t15b6 = b¯3 + z3 + x¯6 + 2b¯9 + 4x¯15
(b3b6)y15 = (b6y15)b3 t15y15 = 2b¯3 + 2z3 + 4x¯6 + 6b¯9 + 9x¯15
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associativity checked new equations
or inner products
(b3d¯3)d9 = (b3d9)d¯3 d
2
9 = 1 + b5 + c5 + 2b8 + 2c8 + 2x9 + 2x10
(b3d¯3)x10 = (b3x10)d¯3 d9x10 = y3 + r3 + s6 + 2d9 + 4t15
(b3d¯3)b5 = (b3b5)d¯3 d9b5 = s6 + d9 + 2t15
(b3d¯3)c5 = (b3c5)d¯3 d9c5 = s6 + d9 + 2t15
(b3d¯3)c8 = (b3c8)d¯3 d9c8 = r3 + s6 + 2d9 + 3t15
(b3d¯3)d3 = (b3d3)d¯3 d9d3 = b3 + b9 + x15
(b3d¯3)c9 = (b3c9)d¯3 d9c9 = b3 + z3 + 2x¯6 + 2b¯9 + 3x¯15
(b3d¯3)y15 = (b3y15)d¯3 d9y15 = b¯3 + z3 + 2x¯6 + 3b¯9 + 6x¯15
(b3d¯3)x9 = (d¯3x9)b3 d9x9 = r3 + y3 + 2s6 + 2d9 + 3t15
associativity checked new equations
or inner products
(x6d3)z3 = (z3x6)d3 z
2
3 = d3 + b¯6
(x6d3)z¯3 = (z¯3x6)d3 z3z¯3 = 1 + b8
(x6d¯3)z3 = (y3x6)d¯3 y
2
3 = 1 + c8
(x6d3)y3 = (y3x6)d3 y3z3 = d¯3 + b6
(x6d3)d¯3 = (d3d¯3)x6 z3d¯3 = z¯3 + x6
(x6d3)c¯9 = (d3c¯9)x6 z3c¯9 = r3 + d9 + t15
(x6d3)b¯6 = (d3b¯6)x6 z3b¯6 = y3 + t15
(x6d3)b6 = (d3b6)x6 z3b6 = z¯3 + x15
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associativity checked new equations
or inner products
(r3x10, s6) = (s6b8, r3) = 1 r3s6 = x10 + b8
(d9y15, x¯6) = 2, (d9b6, x¯6) = 1, (d9c9, x¯6) = 2 x6d9 = b¯6 + 2y¯15 + 2c¯9
(x6y3, d3) = (x6t15, d3) = 1 x6d¯3 = y3 + t15
(r3c3)d¯3 = r3(c3d¯3) x6d3 = z3 + x¯15
(x¯6b6, b9) = 1, (b¯9y15, x6) = (b¯9c9, x6) = 2 x6b9 = b6 + 2y15 + 2c9
(x6b¯9, x9) = (x6x¯15, x9) = 2, (x6x¯6, x9) = 1 x6x9 = 2b9 + x6 + 2x15
(b9b¯9, c8) = 2, (b9x¯15, c8) = 1, (x6c8, b9) = 1 b9c8 = 2b9 + 3x15 + x6 + b3
(b9b¯9, b8) = 2, (b9x¯15, b8) = 3,
(b9z3, b8) = (x6b8, b9) = 1 b9b8 = 2b9 + 3x15 + z¯3 + x6
(b9b¯9, c5) = (x6c5, b9) = 1, (b9x¯15, c5) = 2 c5b9 = b9 + 2x15 + x6
(x15c9, y3) = (x15b6, y3) = 1, (x15y15, y3) = 2 x15y3 = b¯6 + c¯9 + 2y¯15
(b3b5)z¯3 = (b3z¯3)b5 x15z¯3 = b6 + c9 + 2y15
(b3b5)d¯3 = (b5d¯3)b3 x15d¯3 = s6 + 2t15 + d9
(b3b5)c¯9 = (b5c¯9)b3 x15c¯9 = b¯3 + z3 + 3b¯9 + 2x¯6 + 6x¯15
(b3b5)y15 = (b5y15)b3 x15y¯15 = 9x¯15 + 2z3 + 2b¯3 + 4x¯6 + 6b¯9
(x6t15, c3) = (b9t15, c¯3) = 1, (x15t15, c¯3) = 2 t15c3 = x¯6 + b¯9 + 2x¯15
(d9b8, y3) = (d9x10, y3) = (d9x9, y3) = 1 d9y3 = x9 + b8 + x10
(d9y15, z3) = (d9c3, z3) = (d9c9, z3) = 1 d9z3 = c3 + c9 + y15
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associativity checked new equations
or inner products
(b3b¯3)d9 = (b3d9)b¯3 d9b8 = y3 + s6 + 2d9 + 3t15
(b9d9, c¯3) = (d9z3, c3) = (x15d9, c¯3) = 1 d9c3 = b¯9 + z3 + x¯15
(d9b8, y3) = (t15b8, y3) = 1 y3b8 = d9 + t15
(s6x10, y3) = (t15x10, y3) = (d9x10, y3) = 1 y3x10 = s6 + t15 + d9
(t15y3, b5) = 1 y3b5 = t15
(t15y3, c5) = 1 y3c5 = t15
(t15y3, c8) = (s6y3, c8) = (y3c8, y3) = 1 y3c8 = s6 + t15 + y3
(t15y3, x9) = (d9y3, x9) = (r3y3, x9) = 1 y3x9 = t15 + d9 + r3
(b9y3, c¯3) = 1 y3c3 = b¯9
(b9y3, d¯3) = 1 y3d3 = b¯9
(b3y3, c9) = (b9c9, y3) = (x15c9, y3) = 1 y3c9 = b¯3 + b¯9 + x¯15
(x15y3, b6) = (y3z3, b6) = 1 y3b6 = x¯15 + z3
(x6y3, y¯15) = (b9y3, y¯15) = 1, (x15y3, y¯15) = 2 y3y15 = x¯6 + b¯9 + 2x¯15
(x6x10, z3) = (b9x10, z3) = (x15x10, z3) = 1 z3x10 = x¯6 + b¯9 + x¯15
(x15b5, z3) = 1 z3b5 = x¯15
(x15c5, z3) = 1 z3c5 = x¯15
(x6c8, z3) = (x15c8, z3) = (z3z¯3, c8) = 1 z3c8 = x¯6 + x¯15 + z3
(b3x9, z3) = (b9x9, z3) = (x15x9, z3) = 1 z3x9 = b¯3 + b¯9 + x¯15
(b9c3, z3) = 1 z3c3 = b9
(s6d¯3, z3) = (d3y3, z¯3) = 1 z3d3 = s6 + y3
(b¯3c9, z¯3) = (b¯9c9, z¯3) = (x15c¯9, z3) = 1 z3y15 = b3 + b9 + x15
(x6y¯15, z3) = (b9y¯15, z3) = 1, (x15y¯15, z3) = 2 z3y15 = x6 + b9 + 2x15
(s6y15, z3) = (d9y15, z3) = 1, (t15y15, z3) = 2 z3y¯15 = s6 + 2t15 + d9
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8 Structure of NITA generated by b3 and satisfy-
ing b23 = c3 + b6, c3 6= b3, b¯3, (b3b8, b3b8) = 3 and c3
real
In this section we discuss NITA satisfying the following hypothesis.
Hypothesis 8.1. Let (A, B) be NITA generated by a non-real element
b3 ∈ B of degree 3 and without non-identity basis element of degree 1 or 2,
such that :
b3b3 = 1 + b8
and
b23 = c3 + b6, c3 = c3
where bi, ci, di ∈ B are of degree i.
Lemma 8.1. Let (A, B) satisfy Hypothesis 8.1, then
1) c23 = 1 + b8,
2) b3c3 = b3 + x6, x6 6= x6 ∈ B,
3) b8b3 = x6 + b6b3,
4) b8 + b
2
8 = c3b6 + b6c3 + b6b6,
5) b6c3 = x6b3,
6) c3b8 = b6 + x6b3,
7) (b8b3, b8b3) = 3, 4.
Proof. : By Hypothesis 8.1, we have (b3c3, b3) = (c3, b
2
3) = 1. So
(b3b3, c
2
3) = (b3c3, b3c3) ≥ 2, hence
c23 = 1 + b8. (1)
Further we have
b3c3 = b3 + x6. (2)
If x6 = x¯6, then 1 = (b3c3, b3c3) = (c
2
3, b
2
3), a contradiction to Hypothesis
8.1. By the associative law (b3b3)b3 = b3b
2
3 and Hypothesis 8.1, one
concludes that b3 + b8b3 = c3b3 + b6b3. So b8b3 = x6 + b6b3 holds by (2). By
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the associative law (b3b3)
2 = b
2
3b
2
3 and Hypothesis 8.1 and (1), we see that
1 + 2b8 + b
2
8 = (c3 + b6)(c3 + b6),
1 + 2b8 + b
2
8 = c
2
3 + c3b6 + b6c3 + b6b6,
b28 + b8 = c3b6 + b6c3 + b6b6.
By the association law (b6b3)b3 = b3b
2
3 and Hypothesis 8.1 and (2), it
holds that b3 + b8b3 = c3b3 + b6b3, hence
b8b3 = x6 + b6b3. (3)
By Hypothesis 8.1 , (b6b3, b3) = (b6, b
2
3) = 1 , so by (3)
(b8b3, b8b3) ≥ 3,
we shall show that (b8b3, b8b3) = 3, 4. By the associative law and Hy-
pothesis 8.1 and equations (1) and (2), we have that (b
2
3)c3 = b3(b3c3),
c23 + b6c3 = b3b3 + x6b3, thus
b6c3 = x6b3. (4)
By (3), (x6b3, b8) = (x6, b3b8) = 1 holds. So (x6b3, x6b3) ≥ 2.We shall show
that (x6b3, x6b3) = 2, 3. If (x6b3, x6b3) = 4, then x6b3 = b8+ g3+w3+ v4,
hence
b3g3 = x6 + w3, b3w3 = x6 + k3, b3v4 = x6 + z6.
Therefore 1 ≤ (b3g3, b3w3) = (b3b3, g¯3w3).We come to w3 = g3 byHypoth-
esis 8.1, hence 2 = (x6b3, w3) = (x6, b3w3), so that b3w3 = 2x6, a contra-
diction by (4). Now we can announce that (b6c3, b6c3) = (b6b6, c
2
3) = 2, 3.
By (1), it follows that (b6b6, b3b3) = (b6b3, b6b3) = 2 or 3. Therefore
(b8b3, b8b3) = 3, 4 by (3).
By the associative law (b¯3c3)b3 = c3(b3b3) and Hypothesis 8.1, we get
b23 + x6b3 = c3 + c3b8 and c3b8 = b6 + x6b3.
Lemma 8.2. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then we get:
1) b6b3 = b3 + x15,
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2) b8b3 = x6 + b3 + x15, x6 6= x6,
3) x6b3 = b8 + x10 = b6c3, x6 6= b6, x10 = x10,
4) x6c3 = b3 + x15,
5) b3x6 = c3 + y15,
6) b8c3 = b6 + c3 + y15, b6 = b6, y15 = y15.
Proof. By our assumption in this lemma and part 3) in Lemma 8.1, and
Hypothesis 8.1:
b6b3 = b3 + x15, (1)
then
b8b3 = x6 + b3 + x15
by (1),
(b6b6, b3b3) = (b6b3, b6b3) = 2,
then by 1) in Lemma 8.1,
2 = (b6b6, c
2
3) = (b6c3, b6c3). (2)
By 6) in Lemma 8.1,
(b6c3, b8) = (c3b8, b6) = 1,
so by (2)
b6c3 = b8 + x10. (3)
so by 5) in Lemma 8.1
x6b3 = b8 + x10, (4)
so by (1) we get that x6 6= b6. By the associative law (c
2
3)b3 = (c3b3)c3 and
1), 2) in Lemma 8.1 and (2) , it follows that
b3 + b3b8 = b3c3 + x6c3,
b3 + x6 + b3 + x15 = b3 + x6 + x6c3,
so
x6c3 = b3 + x15, (5)
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By (4) and 2) in Lemma 8.1
2 = (x6b3, x6b3) = (x6b3, x6b3), (b3x6, c3) = (x6, b3c3) = 1.
Therefore
b3x6 = c3 + y15. (6)
By the associative law (b3b3)c3 = (b3c3)b3 and 2) in Lemma 8.1 and Hy-
pothesis 8.1, one has
c3 + b8c3 = b
2
3 + x6b3,
c3 + b8c3 = c3 + b6 + c3 + y15,
b8c3 = b6 + c3 + y15.
b8, c3 are reals , then
b6 = b6, y15 = y15.
By (3), we have x10 = x10.
Lemma 8.3. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.2 hold and we get :
1) x10b3 = x15 + x6 + x9, x10 = x10,
2) x6b8 = 2x15 + b3 + x6 + x9,
3) x15c3 = 2x15 + x6 + x9,
4) y15b3 = 2x15 + x6 + x9,
5) x6b6 = 2x6 + x15 + x9,
6) c3x10 = b6 + y15 + y9,
7) x26 = 2b6 + y15 + y9,
8) x15b3 = 2y15 + b6 + y9,
9) b8b6 = 2y15 + b6 + c3 + y9, y9 = y9,
10) b8x15 = 4x15 + 2x6 + 2x9 + b3 + y9b3.
Proof. By the associative law (b23)b6 = (b3b6)b3 and Hypothesis 8.1 and
1), 3) in Lemma 8.2, we get
c3b6 + b
2
6 = b3b3 + x15b3,
b8 + x10 + b
2
6 = 1 + b8 + x15b3,
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Hence
x10 + b
2
6 = 1 + x15b3. (1)
By 3) in Lemma 8.2 ,
(b3x10, x6) = (x10, b3x6) = 1,
hence by (1),
(x10b3, x15) = (b3x15, x10) = 1,
So
x10b3 = x15 + x6 + x9,
where x9 is linear combination of B. we shall show that x9 ∈ B. If x10b3
have element of degree 3 , then
1 = (x10b3, y3) = (x10, b3y3),
hence b3y3 = x10, a contradiction. So
x10b3 = x15 + x6 + x9, (2)
where x9 ∈ B. By the associative law and Hypothesis 8.1 and 2), 3) in
Lemma 8.2, we get
(b3x6)b3 = x6(b3b3),
b8b3 + x10b3 = x6 + x6b8,
x6 + x6b8 = x6 + b3 + x15 + x15 + x6 + x9,
Hence
x6b8 = 2x15 + b3 + x6 + x9. (3)
By the associative law (b¯3c3)b8 = b¯3(b8c3) and 1), 2), 6) in Lemma 8.2
and 2) in Lemma 8.1, we come to
b3b8 + x6b8 = b6b¯3 + c3b¯3 + y15b¯3,
x6 + b3 + x15 + 2x15 + b3 + x6 + x9 = b3 + x15 + b3 + x6 + y15b¯3,
123
So
y15b¯3 = 2x15 + x6 + x9. (4)
By the associative (b3c3)b8 = (b3b8)c3 and 1), 2), 6) in Lemma 8.2 and
in Lemma 8.1 and (3), the following equations hold:
b3b8 + x6b8 = x6c3 + b3c3 + x15c3,
x6 + b3 + x15 + 2x15 + b3 + x6 + x9 = b3 + x15 + b3 + x6 + x15c3,
So
x15c3 = 2x15 + x6 + x9. (5)
By the associative law (b3c3)b6 = c3(b3b6) and 2) in Lemma 8.1 and 1)
in Lemma 8.2 and (5), one should have
b3b6 + x6b6 = b3c3 + x15c3,
b3 + x15 + x6b6 = b3 + x6 + 2x15 + x6 + x9,
x6b6 = 2x6 + x15 + x9.
By the associative law and 5), 4) in Lemma 8.2 and 1) in Lemma 8.1, we
get (b3x6)c3 = b3(x6c3), c
2
3 + y15c3 = b3b3 + b3x15 and y15c3 = b3x15. Now
by (2) it follows that (x15b5, x10) = (b3x10, x15) = 1. So
1 = (y15c3, x10) = (y15, c3x10). (7)
By 3) in Lemma 8.2,
(c3x10, b6) = (c3b6, x10) = 1. (8)
By (2) and 1) in Lemma 8.1, we have (c3x10, c3x10) = (c
2
3, x
2
10) =
(b3b3, x
2
10) = (b3x10, b3x10) = 3. Therefore by (7) and (8), the following
equation holds
c3x10 = b6 + y15 + y9, (9)
where y9 ∈ B. By the associative law and 3), 5), 6) in Lemma 8.2 and 2)
in Lemma 8.1 and (9), we have that (x6b3)c3 = x6(b3c3) and
b8c3 + x10c3 = x6b3 + x
2
6,
b6 + c3 + y15 + b6 + y15 + y9 = c3 + y15 + x
2
6,
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so
x26 = 2b6 + y15 + y9. (10)
By the associative law and 3), 4) , 6) in Lemma 8.2 and Hypothesis 8.1
and (9), we have (x6b3)c3 = (x6c3)b3, hence
b8c3 + x10c3 = b
2
3 + x15b3,
b6 + c3 + y15 + b6 + y15 + y9 = c3 + b6 + x15b3,
so
x15b3 = 2y15 + b6 + y9. (11)
By the associative law and 2), 5) , 6) in Lemma 8.2 and (11) and the
Hypothesis 8.1, b3(b8b3) = b8(b
2
3) holds, which concludes
x6b3 + b
2
3 + x15b3 = b8c3 + b8b6,
c3 + y15 + c3 + b6 + 2y15 + b6 + y9 = b6 + c3 + y15 + b8b6,
so
b8b6 = 2y12 + b6 + c3 + y9. (12)
By the associative law and 1), 2) in Lemma 8.2 and (4) and 2) in
Lemma 8.1 :
(b6b3)b8 = b3(b6b8), b3b8 + x15b8 = 2y12b3 + b6b3 + c3b3 + y9b3.
Lemma 8.4. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b3b8) = 3,
then Lemma 8.3 holds and x9c3 = x¯15 + d3 + d9, d3 6= c3, b3, b¯3.
Proof. By 3) in Lemma 8.3 ,
(c3x9, x15) = (x9, c3x15) = 1,
so
c3x9 = x15 + α, (1)
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where α is linear combination at B. We shall show that α does not have
degree 4 and also two elements of degree 3. If x4 ∈ α, then 1 ≤ (c3x9, x4) =
(x9, c3x4), hence 1 = (x9, c3x4). So
c3x4 = x9 +m3. (2)
So
(c3m3, x4) = (m3, c3x4) = 1,
hence
c3m3 = y4 + k5. (3)
Hence
2 = (c3m3, c3m3) = (c
2
3, m3m3),
thereforem3m3 = 1+b8. So by the associative law and (3) and 6) in Lemma
8.2, we get (m3m3)c3 = m3(m3c3), c3 + c3b8 = y4m3 + k5m3. Hence
2c3 + b6 + y15 = y4m3 + k5m3 (4)
By (3)
(y4m3, c3) = (y4, m3c3) = 1, (k5m3, c3) = (k5, m3c3) = 1,
hence by (4) we get a contradiction. If x3, y3 ∈ α , then by (1) ,
1 = (c3x9, x3) = (x9, c3x3),
1 = (c3x9, y3) = (x9, c3y3).
So
c3x3 = x9, c3y3 = x9,
hence
1 = (c3x3, c3y3) = (c
2
3, x3y3),
therefore by 1) in Lemma 8.1, x¯3y3 = b8 + 1, so x3 = y3, then by (1) 2 =
(c3x9, x3) = (x9, c3x3) a contradiction. Therefore by (1) one of following
holds:
a) α = d3 + d9 or b) α = d5 + d7 or c) α = d6 + k6 or d) α = 2d6 or e)
α = d12.
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We shall show that a) is the only possibility. Assume b) holds, then by (1)
we get c3x9 = x15 + d5 + d7. So (c3d5, x9) = (d5, c3x9) = 1, therefore
c3d5 = x9+β, where β = 2x3 or β = x3+y3 or β = m6. We shall show that
this possibilities are impossible if β = 2x3, then c3d5 = x9 + 2x3, therefore
(c3x3, d5) = (x3, c3d5) = 2, so c3x3 = 2d5 a contradiction. If β = x3 + y3,
then c3d5 = x9 + x3 + y3, hence (c3x3, d5) = (x3, c3d5) = 1, (c3y3, d5) =
(y3, c3d5) = 1, so 1 ≤ (c3x3, c3y3) = (c
2
3, x3y3), then by 1) in Lemma
8.1 x3 = y3 a contradiction. If β = m6, then c3d5 = x9 +m6, so by (1)
and (6), we have (c23)d5 = c3(c3d5), d5 + b8d5 = x9c3 + m6c3 and b8d5 =
x15+ d7+m6c3. So (b8x15, d5) = (b8d5, x15) = 1, hence by 10) in Lemma
8.3: (y9b3, d5) = 1 and by 8) in Lemma 8.3: (y9b3, x15) = (y9, b3x15) = 1,
so y9b3 = x15+d5+k7, where k7 is linear combination. When k7 = e3+m4,
then y9b3 = x15 + d5 + e3 + t3, hence (b3m4, y9) = (m4, b3y9) = 1, so
b3m4 = y9 + t3, hence (t3b3, m4) = (t3, b3m4) = 1, therefore
t3b¯3 = m4 + t5, (5)
so 2 = (t3b3, t3b3) = (t3t3, b3b3), so by Hypothesis 8.1 t¯3t3 = 1 + b8,
hence by the associative law and (5) we come to:
(t3t3)b3 = (t3b3)t3, b3 + b8b3 = m4t3 + t5t3.
and by 2) in Lemma 8.2 it follows that 2b3 + x6 + x15 = m4t3 + t5t3, so
m¯4t3 = 2b3 + x6, hence 5 = (m4t3, m4t3) = (m4m4, t5t3), then m4m4 =
1 + 4b8, a contradiction. If
y9b3 = x15 + d5 + k7, (6)
where k7 ∈ B. Then (b3d5, y9) = (d5, b3y9) = 1, hence b3d5 = y9 + γ,
where γ = v6 or γ = v3 +w3. When b3d5 = y9 + v3 +w3, then (b3v3, d5) =
(b3d5, v3) = 1, also (b3m3, d5) = 1, so 1 ≤ (b3v3, b3m3) = (b3b3, v3m3),
by Hypothesis 8.1, v3 = w3, then
2 = (b3d5, v3) = (d5, b3v3),
so
b3v3 = 2d5
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a contradiction. When b3d¯5 = y9 + v6, Then by the associative law and (6)
and our assumption:
(b23)d5 = b3(b3d5),
d5c3 + d5b6 = y9b3 + v6b3,
x9 +m6 + d5b6 = x15 + d5 + k7 + v6b3.
Hence
v6b3 = x9 +m6 + t3, (7)
so (t3b3, v6) = (t3, b3v6) = 1, hence t3b3 = v6 + p3. Therefore 2 =
(b3t3, b3t3) = (t3t3, b3b3), Now by the Hypothesis 8.1 we get
t3t3 = 1 + b8. (8)
Again by the associative law:
b3(t3t3) = t3(b3t3), b3 + b3b8 = t3v6 + t3p3.
and by 2) in Lemma 8.2 we have 2b3 + x6 + x15 = t3v6 + t3p3, but
(t3v6, b3) = (t3b3, v6) = 1, (t3p3, b3) = (t3b3, p3) = 1. This means v6t3 =
b3+x15, t3p3 = b3+x6. Then by (7) and (8) it follows that 2 = (v6t3, v6t3) =
(v6v6, t3t3) = (v6v6, b3b3) = (v6b3, v6b5) = 3, a contradiction.
Assume c) holds , then by (1) one has that c3x9 = x15 + d6 + k6, so
(c3d6, x9) = (d6, c3x9) = 1, hence c3d6 = x9 + γ, where γ = m9 or
γ = m3 + v3 + k3 or γ = v3 + y6 or γ = v4 + v5 or γ = 2v3 +m3 or γ = 3v3.
If γ = m9, then c3d6 = x9+m9, so by the associative law and 1) in Lemma
8.2 :
(c23)d6 = (c3d6)c3,
d6 + d6b8 = x9c3 +m9c3,
d6 + d6b8 = x15 + d6 + k6 +m9c3,
d6b8 = x15 + k6 +m9c3. (9)
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We shall that d6 6= x6, x6, k6 6= x6, x6. By 4) in Lemma 8.2 and our
assumption if d6 = x6, then
1 = (c3x9, x6) = (x9, c3x6) = 0, 1 = (c3x9, x6) = (c3x6, x9) = 0,
a contradiction, so d6 6= x6, x6. in the same way k6 6= x6, x6. By (9),
(b8x15, d6) = (b8d6, x15) = 1, in the same way (b8x15, k6) = (b8k6, x15) =
1, then by 8), 10) in Lemma 8.3, (y9b3, x15) = (y9, b3x15) = 1, (y9b3, d6) =
1, (y9b3, k6) = 1. So
y9b3 = x15 + d6 + k6. (10)
So by the associative law and 2) in Lemma 8.1 :
(b3c3)y9 = c3(b3y9),
b3y9 + y9x6 = x15c3 + d6c3 + k6c3,
x15 + d6 + k6 + y9x6 = 2x15 + x6 + x9 + x9 +m9 + k6c3,
d6 + k6 + y9x6 = x15 + x6 + 2x9 +m9 + k6c3.
And by 3) in Lemma 8.3 and (10) and that c3d6 = x9+m9, since k6, d6 6=
x6, then 1 ≤ (k6c3, d6) = (k6, c3d6), a contradiction to the assumption
that c3d6 = x9 +m9. If γ = m3 + v3 + k3, then c3d3 = x9 +m3 + v3 + k3,
so (c3m3, d3) = (m3, c3d3) = 1, (c3v3, d3) = (v3, c3d3) = 1, hence
1 ≤ (c3m3, c3v3) = (m3v3, c
2
3), then by 1) in Lemma 8.1 m3 = v3 a
contradiction. If γ = v3 + y6, then c3d6 = x9 + v3 + y6, so (c3v3, d6) =
(v3, c3d6) = 1, hence c3v3 = d6 + t3, so by the associative law and 1) in
Lemma 8.1, we get equations: c23v3 = c3(c3v3) and
v3 + v3b8 = d6c3 + t3c3, v3 + v3b8 = x9 + v3 + y9 + t3c3.
Hence v3b8 = x9 + y6 + t3c3. Since (t3c3, v3) = (t3, c3v3) = 1, then
(v3b8, v3b8) ≥ 4, in other hand 2 = (c3v3, c3v3) = (c
2
3, v3v3), so by 1)
in Lemma 8.1 : v¯3v3 = 1+ b8 = b¯3b3, therefore (v3b8, v3b8) = (b
2
8, v3v3) =
(b28, b3b3) = (b8b3, b8b3), by 2) in Lemma 8.2, (b8b3, b8b3) = 3, a contra-
diction. If γ = v4 + v5, then c3d6 = x4 + v4 + v5, so by the associative law
and 1) in Lemma 8.1 :
c23d6 = c3(c3d6), d6 + d6b8 = x9c3 + v4c3 + v5c3,
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hence by our assumption we have d6 + d6b8 = x15 + d6 + k6 + v4c3 + v5c3,
thus
d6b8 = x¯15 + k6 + v4c3 + v5c3. (11)
We shall show that d6 6= x6, x6, k6 6= x6, x6. By 4) in Lemma 8.2 , if
d6 = x6, or d6 = x6, then 1 = (c3x9, x6) = (x9, c3x6) = 0, 1 = (c3x9, x6) =
(c3x6, x9) = 0, a contradiction .In the same way k6 6= x6, x6. By (11) and
10) in Lemma 8.3,
(b8x15, d6) = (b8d6, x15) = 1
in the same way (b8x15, k6) = 1 and by 10), 8) in Lemma 8.3 (y9b3, k6) =
1, (y9b3, d6) = 1, (y9b3, x15) = 1, so y9b3 = x15 + k6 + d6. Hence by the
associative law an 2) in Lemma 8.1 :
(b3c3)y9 = (b3y9)c3,
b3y9 + x6y9 = x15c3 + k6c3 + d6c3,
so by 3) in Lemma 8.3 and our assumption:
x15 + k6 + d6 + x6y9 = 2x15 + x6 + x9 + k6c3 + d6c3,
k6 + d6 + x6y9 = x15 + x6 + x9 + v4 + v5 + x9 + k6c3.
hence 1 = (k6c3, d6) = (k6, c3d6), a contradiction to our assumption . If
γ = 2v3 +m3, or γ = 3v3, then c3d6 = x9+2v3 +m3 or c3d6 = x9 +3v3. In
two cases, it always follows that (c3v3, d6) = (v3, c3d6) ≥ 2, a contradiction.
assumed then by (1) c3x9 = x15 + 2d6. Hence (c3d6, x9) = (d6, c3x9) = 2
therefore c3d6 = 2x9. so by the associative law and 1) in Lemma 8.1, we
have that (c23)d6 = c3(c3d6)
d6 + d6b8 = 2x9c3
= 2x15 + 4d6,
d6b8 = 2x15 + 3d6.
so (b8x15, d6) = (b8d6, x15) = 2(12). by 4) in Lemma 8.2, if x6 = d6, then
2 = (c3x9, x6) = (x9, c3x6) = 0, then d6 6= x6, also d6 6= x6. then by (12)
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and 8), 10) in Lemma 8.3: (y9b3, x15) = (y9, b3x15) = 1, (y9b3, d6) = 2.
So y9b3 = x15 + 2d6. Hence by the associative law and 2) in lemma 8.1:
y9(b3c3) = (y9b3)c3,
y9b3 + y9x6 = x15c3 + 2d6c3,
then by 3) in Lemma 8.3 x15 + 2d6 + y9x6 = 2x15 + x6 + x9 + 2x9, a
contradiction. Assume e) then by 1) , c3x9 = x15 + d12. Then by 1) in
Lemma 8.1 : 2 = (x9c3, x9c3) = (x9x9, c
2
3) = (x9x9, b3b3) = (x9b3, x9b3).
So by 1) in Lemma 8.3 (x9b3, x10) = (x9, b3x10) = 1, hence x9b3 = x10+
x17(13). By the associative law and 1) in Lemma 8.1: (c
2
3)x9 = (b3b3)x9 =
b3(b3x9) = (c3x9)c3, x10b3 + b3x17 = x15c3 + d12c3. By 1), 3) and Lemma
8.3 , x15 + x6 + x9 + b3x17 = 2x15 + x6 + x9 + d12c3, b3x17 = x15 + d12c3.
Then (x15b3, x17) = (x15, b3x17) = 1 and by 2) in Lemma 8.2 and 1), 8)
in Lemma 8.3:
(b3x15, b8) = (x15, b3b8) = 1,
(b3x15, x10) = (x15, b3x10) = 1,
(b3x15, b3x15) = (x15b3, x15b3) = 6,
Therefore the only possibility b3x15 = b8 + x10 + x17 + m3 + z3 + z4. So
(b3m3, x15) = (m3, b3x15) = 1 a contradiction. Hence the only possibility
is that α = d3 + d9, hence by 1) x9c3 = x15 + d3 + d9. If d3 = c3, then
(c23, x9) = (c3, c3x9) = 1, a contradiction to 1) in Lemma 8.1. If d3 = b3,
then (c3b3, x9) = (b3, c3x9) = 1 a contradiction to 2) in Lemma 8.1 in the
same way . If d3 = b¯3, a contradiction so d3 6= c3, b3, b3.
Lemma 8.5. Let(A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3, then
Lemma 8.4 hold and we get the following :
1) d3c3 = x9, x9 6= x9,
2) d3b8 = x15 + x9,
3) b3d3 = y9, y9 = y9, y9 6= x9,
4) x9c3 = x15 + d3 + x9,
5) y9b3 = d3 + x9 + x15,
6) d3b6 = d3 + x15,
7) b8x15 = 5x15 + 3x9 + 2x6 + b3 + d3,
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8) x9b8 = 3x15 + 2x9 + x6 + d3,
9) y15x6 = 4x15 + 2x9 + x6 + b3 + d3,
10) b6x15 = 4x15 + x6 + 2x9 + b3 + d3,
11) d3y15 = 2x15 + x6 + x9,
12) x9x15 = 6x15 + 2x6 + 3x9 + b3 + d3,
13) d3b8 = x15 + x9,
14) d3d3 = 1 + c8, c8 6= b8,
15) d23 = b6 + y3, d3 6= c3, b3, b3, y3 6= b3, c3, b3,
16) b3d3 = z9, z9 6= y9, x9, x9, z9 = z9,
17) y23 = 1 + c8.
Proof. By Lemma 8.4, (c3d3, x9) = (d3, c3x9) = 1, hence
d3c3 = x9. (1)
By the associative law and 1) in Lemma 8.4, we have d3(c
2
3) = x9c3 and
d3 + d3b8 = x15 + d3 + d9, which leads to
d3b8 = x15 + d9. (2)
So (b8x15, d3) = (b8d3, x15) = 1 and by 10) in Lemma 8.3 , (y9b3, d3) =
1 = (y9, b3d3). So
b3d3 = y9. (3)
By the associative law (b3b3)d3 = b3(b3d3) and Hypothesis 8.1, one has
d3 + d3b8 = y9b3. By (2), we get
y9b3 = d3 + d9 + x15. (4)
By the associative law and Hypothesis 8.1 and (3) we have (b23)d3 =
(b3d3)b3 = y9b3, d3c3 + d3b6 = y9b3 = d3 + d9 + x15. So
d3c3 = d9, (5)
d3b6 = d3 + x15. (6)
Hence by (1) we get d9 = x9. By Lemma 8.4, we may assume
x9c3 = x15 + d3 + x9.
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By 10) in Lemma 8.3 and (4) we meet
b8x15 = 5x15 + 3x9 + 2x6 + b3 + d3. (7)
By the associative law and 1) in Lemma 8.1 and Lemma 8.4:
(c23)x9 = (c3x9)c3, x9 + x9b8 = x15c3 + d3c3 + x9c3.
By (1) and 3) in Lemma 8.3 and Lemma 8.4, we get
x9 + x9b8 = 2x15 + x6 + x9 + x15 + d3 + x9,
so
x9b8 = 3x15 + 2x9 + x6 + d3. (8)
By the associative law and 4) in Lemma 8.3 and 2) in Lemma 8.1,
we have that y15(b3c3) = (y15b3)c3, y15b3 + y15x6 = 2x15c3 + x6c3 + x9c3.
Moreover by 4) in Lemma 8.2 and 3), 4) in Lemma 8.3 and Lemma 8.4
we get
y15b3 + y15x6 = 4x15 + 2x6 + 2x9 + b3 + x15 + x15 + d3 + x9,
then
y15x6 = 4x15 + 2x9 + x6 + b3 + d3. (9)
By the associative law and 8) in Lemma 8.3 and Hypothesis 8.1 we get
(b23)x15 = (b3x15)b3, x15c3+b6x15 = 2y15b3+b6b3+y9b3, By 3), 4) in Lemma
8.3 and 10) in Lemma 8.2 and equation (4) we have 2x15+x6+x9+b6x15 =
4x15+2x6+2x9+b3+x15+d3+x9+x15, so b6x15 = 4x15+x6+2x9+b3+d3.
By the associative law and 6) in Lemma 8.2 and equations (1), (6) and
(8), we have (c3b8)d3 = (c3d3)b8 = x9b8. Hence
b6d3 + c3d3 + y15d3 = 3x15 + 2x9 + x6 + d3,
d3 + x15 + x9 + y15d3 = 3x15 + 2x9 + x6 + d3,
y15d3 = 2x15 + x6 + x9.
So by the associative law and (1), it follow (d3c3)y15 = c3(d3y15) and x9y15 =
2x15c3+x9c3+x6c3. Hence by 3) in Lemma 8.3 and 4) in Lemma 8.2 we
get that
x9c3 = x15 + d3 + x9, x9x15 = 6x15 + 2x6 + 3x9 + b3 + d3.
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By the associative law 1) and in Lemma 8.1 and Lemma 8.4 and equation
(1) on has that d3(c
2
3) = (d3c3)c3, d3 + d3b8 = c3x9 = x15 + d3 + x9, and
d3b8 = x15 + x9. Then we have by (6) that (d
2
3, b6) = (d3, d3b6) = 1, so
d23 = b6 + y3(10), hence (d3d3, d3d3) = (d
2
3, d
2
3) = 2. Now by equation (1)
and 1) in Lemma 8.1 we get (d3c3, d3c3) = (d3d3, c
2
3) = 1. Hence
d3d3 = 1 + c8. (11)
where c8 6= b8 by main theorem in [13], so d3 6= c3, b3, b¯3. Also y3 6=
c3, b3, b3, since if y3 = c3 , then 1 = (d
2
3, c3) = (d3c3, d3), therefore
(d3d3, c3d3) = (d3c3, d3c3) ≥ 2, a contradiction. in the same way if y3 =
b3, b3, If x9 = x9, then by (1) we have 1 = (c3d3, c3d3) = (d
2
3, c
2
3), a
contradiction to 1) in Lemma 8.1 and that d23 = b6 + y3, so x9 6= x9.
By equation(11) and Hypothesis 8.1, it holds that 1 = (d3d3, b3b3) =
(d3b3, d3b3), hence d3b3 = z9. By (10) and hypothesis 8.1 , we get 1 =
(d23, b
2
3) = (d3b3, d3b¯3), so z9 = z¯9, hence z9 6= x9, x9. If z9 = y9 , then
by (3) we have 1 = (d3b3, b3d3) = (d
2
3, b3b3), a contradiction to (10) and
Hypothesis 8.1, hence z9 6= y9. By the associative law and equations (11),
(6) and (10):
(d3b6)d3 = b6(d3d3), d
2
3 + x15d3 = b6 + c8b6,
then
c8b6 = y3 + x15d3, c8, b6
are real s and
(x15d3, y3) = (x15, d3y3) = 0,
so y3 = y3, by (10) , (d3y3, d3) = 1 hence
2 ≤ (d3y3, d3y3) = (d3d3, y
2
3),
so y23 = 1 + c8.
Lemma 8.6. Let(A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3, then
Lemma 8.5 hold and we get the following :
1) b28 = 1 + 2b8 + 2x10 + z4 + c8 + b5 + c5,
2) x15b3 = x10+ b8+ c8+ z9+ b5+ c5, either b5, c5are reals or b5 = c5,
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3) b26 = 1 + b8 + z9 + c8 + b5 + c5,
4) x6x6 = 1 + b8 + c8 + z9 + b5 + c5,
5) x210 = 1 + 2b8 + 2x10 + 2c8 + 2b5 + 2c5 + 3z9,
6) x10x6 = b3 + 3x15 + d3 + x9,
7) b8x10 = 2b8 + x10 + x9b3 + c8 + z9 + b5 + c5,
8) c3y15 = x10 + b8 + c8 + z9 + b5 + c5,
9) c3b5 = y15,
10) c3c5 = y15.
Proof. At first we notice that either b5 and c5 are reals or b5 = c5 holds.
But in these two cases, it always follows that b5 + c5 = b5 + c5 = b5 + c5.
By 2) in Lemma 8.2 and 1), 8) in Lemma 8.3, we have (x15b3, x15b3) =
6, (x15b3, x10) = (b3x10, x15) = 1, (x15b3, b8) = (b3b8, x15), then
x15b3 = x10 + b8 + x+ y + z + w, (1)
where |x+ y+ z+w| = 27. Here the case x¯15b3 = x10+ b8+2x is impossible
since |2x| = 27 will implies that |x| = 13.5. But x is an integer, a contradic-
tion. By the associative law (b3b8)b3 = b8(b3b3) and Hypothesis 8.1 and
2), 3) in Lemma 8.2, we get
x6b3+b3b3+x15b3 = b8+b
2
8, b8+x10+1+b8+x15b3 = b8+b
2
8, 1+x10+b8+x15b3 = b
2
8.
Thus
b28 = 1 + 2b8 + 2x10 + x+ y + z + w. (2)
So by 4) in Lemma 8.1 and 3) in Lemma 8.2,
b26 = 1 + b8 + x+ y + z + w. (3)
By the associative law (b3c3)(b3c3) = (b3b3)c
2
3 and 1), 2) in Lemma 8.1 and
Hypothesis 8.1 and 3) in Lemma 8.2 :
(b3 + x6)(b3 + x6) = (1 + b8)
2 = 1 + 2b8 + b
2
8,
b3b3 + b3x6 + b3x6 + x6x6 = 1 + 2b8 + b
2
8.
So by (2) and (1) and 3) in Lemma 8.2:
x6x6 = 1 + b8 + x+ y + z + w. (4)
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By the associative law (x6b8)b3 = (x6b3)b8 and 3) in Lemma 8.2 and 2) in
Lemma 8.3 :
2x15b3 + b3b3 + x6b3 + x9b3 = b
2
8 + x10b8,
then by 3) in Lemma 8.2 and equations (1) and (2) we have
2x10 + 2b8 + 2x+ 2y + 2z + 2w + 1 + b8 + b8 + x10 + x9b3
= 1 + 2b8 + 2x10 + x+ y + z + w + x10b8,
so
2b8 + x10 + x9b3 + x+ y + z + w = x10b8. (5)
By the associative law (x26)b3 = x6(x6b3) and 7) in Lemma 8.3 and 3) in
Lemma 8.2, we get 2b6b3 + y15b3 + y9b3 = x6b8 + x6x10. Then So by 1)
in Lemma 8.2 and 2), 4) in Lemma 8.3 and 5) in Lemma 8.5, we have
equation:
2b3 + 2x15 + 2x15 + x6 + x9 + d3 + x15 + x9 = 2x15 + b3 + x6 + x9 + x10x6,
so
b3 + 3x15 + d3 + x9 = x10x6. (6)
By the associative (x6b3)x10 = b3(x6x10) and 3) in Lemma 8.2 : we get
b8x10+x
2
10 = b3b3+3x15b3+ d3b3+x9b3. Then by (3) and Hypothesis 8.1
and (1) and 5) in Lemma 8.5 it follows that
2b8 + x10 + x9b3 + x+ y + z + w + x
2
10
= 1 + b8 + 3x10 + 3b8 + 3x+ 3y + 3z + 3w + z9 + x9b3.
Hence
x210 = 1 + 2b8 + 2x10 + z9 + 2x+ 2y + 2z + 2w. (7)
By 13) and 14)in Lemma 8.5, one has that (d3d3, b
2
8) = (d3b8, d3b8) =
2, hence we get by (2) that (b28, c8) = 1. Without loss of generality, say
x = c8. By (4) and (7), it holds that 11 ≤ (x
2
10, x6x6) = (x10x6, x10x6).
But by (6), (x10x6, x10x6) = 12 holds, thus we may assume y = z9. By (1)
, (b3α, x15) = (α, b3x15) = 1 holds, where α ∈ {x, y, z, w}. So |α| ≥ 5.
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Hence z = b5 and w = c5. Hence by equations (1), (3), (4), (5), (6) and (7),
we come to
x15b¯3 = x10 + b8 + c8 + z9 + b5 + c5,
b28 = 1 + 2b8 + 2x10 + c8 + z9 + b5 + c5,
b26 = 1 + b8 + c8 + z9 + b5 + c5,
x6x6 = 1 + b8 + c8 + z9 + b5 + c5,
x210 = 1 + 2b8 + 2x10 + 3z9 + 2c8 + 2b5 + 2c5,
b8x10 = 2b8 + x10 + x9b3 + c8 + z9 + b5 + c5.
So by the associative law (b3x6)c3 = x6(b3c3) and 1), 2) in Lemma 8.1 and
3), 5) in Lemma 8.2 :
c23 + c3y15 = b3x6 + x6x6,
1 + b8 + c3y15 = b8 + x10 + 1 + b8 + c8 + z9 + b5 + c5,
c3y15 = x10 + b8 + c8 + z9 + b5 + c5.
So (c3b5, y15) = (b5, c3y15) = 1, (c3c5, y15) = (y15c3, c5) = 1, hence
c3b5 = y15, c3c5 = y15.
Lemma 8.7. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3 ,
then Lemma 8.6 hold and we get the following :
1) b3z9 = x9 + d3 + x15,
2) x9b3 = z9 + x10 + c8,
3) b8x10 = 2b8 + 2x10 + 2z9 + 2c8 + b5 + c5,
4) b3c8 = x9 + x15,
5) d3x6 = x10 + c8,
6) d3b6 = d3 + x15,
7) d3c8 = x15 + x6 + d3,
8) y3d3 = x6 + d3,
9) d3x6 = y15 + y3.
Proof. By the associative law (b23)d3 = b3(b3d3) and 6), 4) in Lemma 8.5
and Hypothesis 8.1, we get c3d3+ b6d3 = b3z9. Then by 1), 6) in Lemma
8.5 it follows that x9+d3+x15 = b3z9(1). Then (b3x9, z9) = (b3z9, x9) = 1.
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And by 1) in Lemma 8.3, (x9b3, x10) = (b3x10, x9) = 1 holds. It follows
by 4) in Lemma 8.5 and 1) in Lemma 8.1 and Hypothesis 8.1 that
(x9b3, x9b3) = (x9x9, b3b3) = (x9x9, c
2
3) = (x9c3, x9c3) = 3. Hence
x9b3 = z9 + x10 + d8. (2)
By 1) and 5) in Lemma 8.6, we get
(b28, x
2
10) = 18 = (b8x10, b8x10). (3)
By 7) in Lemma 8.6 and equation (2), we have b8x10 = 2b8 +2x10 +2z9 +
c8 + b5 + c5 + d8, then by (3) we get that c8 = d8, so
b8x10 = 2b8 + 2x10 + 2z9 + 2c8 + b5 + c5. (4)
Now we have (b3c8, x9) = (b3x9, c8) = 1 by (2) and (b3c8, x15) = (b3x15, c8) =
1 by 2) in Lemma 8.6, so
b3c8 = x9 + x15. (5)
By the associative law d3(c3b3) = (d3c3)b3 and 1) in Lemma 8.5 and 2) in
Lemma 8.1 and equation (2) we see that d3(c3b3) = (d3c3)b3, d3b3+d3x6 =
x9b3 = z9 + x10 + c8. Hence by 14) in Lemma 8.5 we have
d3x6 = x10 + c8. (6)
By the associative law (b23)d3 = (b3d3)b3 and 14) in Lemma 8.5 and equa-
tion (1) and Hypothesis 8.1, it follows d3c3+ d3b6 = z9b3 = x9+ d3+ x15.
Hence by 1) in Lemma 8.5 it holds:
d3b6 = d¯3 + x15. (7)
By the associative law (d3d3)d3 = d3(d
2
3) and 12) and 13) in Lemma 8.5
we have d3 + d3c8 = b6d3 + y3d3, and get d3c8 = x15 + y3d3 by (7) and
(d3c8, x6) = (d3x6, c8) = 1 by (6). By 12) in Lemma 8.5, (d3c8, d3) =
(c8, d3d3) = 1 holds, hence
d3c8 = x15 + x6 + d3. (8)
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Therefore
y3d3 = x6 + d3. (9)
Moreover (d3x6, y3) = (x6, d3y3) = 1, and by 11) in Lemma 8.5 it follows
that (d3x6, y15) = 1, so d3x6 = y15 + y3.
Lemma 8.8. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3 ,
then Lemma 8.7 hold and we get the following :
1) x9b3 = y9 + y15 + y3,
2) x9d3 = y15 + c3 + y9,
3) x15d3 = y15 + y6 + y9,
4) c8b6 = 2y15 + y3 + y9 + b6,
5) z9b6 = 2y15 + 2y9 + b6,
6) x10b6 = 3y15 + y3 + c3 + y9,
7) y3b6 = c8 + x10,
8) d3x15 = b8 + z9 + b5 + c5 + x10 + c8,
9) y15b6 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5,
10) y9b6 = b8 + 2z9 + b5 + c5 + x10 + c8,
11) x15x15 = 5b8 + 6x10 + 6z9 + 5c8 + 3b5 + 3c5 + 1,
12) b6b5 = y15 + y9 + b6,
13) b3y3 = x9
Proof. By the associative law d3(c3b3) = (d3c3)b3 = x9b3 and 1) in Lemma
8.5 and 2) in Lemma 8.1, we have that d3b3 + d3x6 = x9b3 and by 3) in
Lemma 8.5 that y9 + d3x6 = x9b3. At last, we come to
x9b3 = y9 + y15 + y3, (1)
by 9) in Lemma 8.7.
By the associative law b3(c8d3) = d3(b3c8) and 4), 7) in Lemma 8.7,
we get x15b3 + b3x6 + b3d3 = x9d3 + x15d3, and by 5) in Lemma 8.2
and 3) in Lemma 8.5 and 8) in Lemma 8.3, we get 2y15 + b6 + y9 +
c3 + y15 = x9d3 + x15d3, x9d3 + x15d3 = 3y15 + 2y9 + b6 + c3. Now from
10, 11), 1) in Lemma 8.5, we see that (x9d9, c3) = (x9, d3c3) = 1 and
(x9d3, y15) = (x9, d3y15) = 1 and (x9d3, b6) = (x9, d3b6) = 0, hence
x9d3 = y15 + c3 + y9(2), which gives
x15d3 = 2y15 + y9 + b6. (3)
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By the associative law (d3d3)b6 = d3(d3b6) and 6), 12) in Lemma 8.5, one
has that b6+ c8b6 = d
2
3+ d3x15. And by (3) and 13) in Lemma 8.5, we get
b6 + c8b6 = b6 + y3 + 2y15 + y9 + b6, hence
c8b6 = 2y15 + y3 + y9 + b6. (4)
By the associative law (d3b3)b6 = d3(b3b6) and 1) in Lemma 8.2 and 3)
and 16) in Lemma 8.5, we obtain z9b6 = d3b3 + d3x15, and hence by (3)
and 3) in Lemma 8.5, we have
z9b6 = 2y15 + 2y9 + b6. (5)
By the associative law (x6b6)d3 = b6(x6d3) and 5) in Lemma 8.3 and 5) in
Lemma 8.7, we have 2x6d3 + x15d3 + x9d3 = x10b6 + c8b6. Then by 9) in
Lemma 8.7 and equations (2), (3) and (4) it follows that
2y15 + 2y3 + 2y15 + y9 + b6 + y15 + c3 + y9 = x10b6 + 2y15 + y3 + y9 + b6.
Hence
x10b6 = 3y15 + y3 + c3 + y8. (6)
Now we have by (4) (y3b6, c8) = (y3, b6c8) = 1, (y3b6, x10) = (y3, b6x10) =
1 by (4) and (6), from which we get
y3b6 = c8 + x10. (7)
By the associative law (d23)b6 = d3(d3b6) and 15) in Lemma 8.5 and 6) in
Lemma 8.7, we get b26 + y3b6 = d3d3 + x15d3. Moreover by 14) in Lemma
8.5 and 3) in Lemma 8.6 and equation (7) we have
1 + b8 + z9 + c8 + b5 + c5 + x10 + c8 = 1 + c8 + x15d3,
b8 + z9 + b5 + c5 + x10 + c8 = x15d3. (8)
By the associative law and 5) in Lemma 8.2 and 5) in Lemma 8.3 :
b3(x6b6) = b6(b3x6), 2x6b3 + x15b3 + x9b3 = b6c3 + y15b6,
By 2) in Lemma 8.7 and 2) in Lemma 8.6 and 3) in Lemma 8.2 :
2b8 + 2x10 + x10 + b8 + z9 + c8 + b5 + c5 + x10 + z9 + c8 = b8 + x10 + y15b6,
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y15b6 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5. (9)
By 3) in Lemma 8.5 and 1) in Lemma 8.2 :
(b3b6)d3 = (b3d¯3)b6 = y9b6, b3d3 + x15d3 = y9b6,
by 16) in Lemma 8.5 and (8)
b8 + 2z9 + b5 + c5 + x10 + c8 = y9b6. (10)
By the associative law and 8) in Lemma 8.3 and 1) in Lemma 8.2 :
(b3b6)x15 = b6(b3x15), b3x15 + x15x15 = 2y15b6 + b
2
6 + y9b6,
so by (10), (9) and 2), 3) in Lemma 8.6
x10 + b8 + z9 + c8 + b5 + c5 + x15x15 = 4b8 + 6x10 + 4z9 + 4c8 + 2c5 + 1 + b8 + z9
+c8 + b5 + c5 + b8 + 2z9 + c8 + x10 + b5 + c5,
x15x15 = 1 + 5b8 + 6x10 + 6z9 + 5c8 + 3b5 + 4c5,
By (9) and (10), we get
(b6b5, y9) = (b6y9, b5) = 1, (b6b5, y15) = (b5, y15b6) = 1
and by (3)
(b5b6, b6) = (b5, b
2
6) = 1,
so
b5b6 = y9 + y15 + b6.
By (1)
(b3y3, x9) = (b3x9, y3) = 1,
then b3y3 = x¯9.
Lemma 8.9. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3 ,
then lemma 8 hold and we get the following:
1) y9d3 = b3 + x15 + x9,
2) z9d3 = b3 + x15 + x9,
3) z9y9 = 3y15 + 2b6 + 2y9 + c3 + y3,
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4) c8b8 = 2x10 + 2z9 + b8 + c8 + b5 + c5,
5) y9c3 = z9 + x10 + c8,
6) x15x6 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5,
7) x10d3 = x15 + x6 + x9,
8) d3x9 = x10 + b8 + z9,
9) y3y9 = z9 + b8 + x10,
10) b6y9 = 2z9 + b8 + x10 + b5 + c5 + c8,
11) x215 = 9y15 + 4b6 + 6y9 + 2c3 + 2y3,
12) x15x6 = c3 + 4y15 + b6 + 2y9 + y3
Proof. : By the associative law and 13), 3) in Lemma 8.5:
(b3d3)d3 = (b3d3)d3 = b3(d
2
3), y9d3 = b6b3 + y3b3,
then by 1) in Lemma 8.2 and 13) in Lemma 8.8 ,
y9d3 = b3 + x15 + x9. (1)
By the associative law and 16) , 15) in Lemma 8.5 :
(d23)b3 = (d3b3)d3, b6b3 + y3b3 = z9d3,
then by 13) in Lemma 8.8 and 1) in Lemma 8.2,
z9d3 = b¯3 + x¯15 + x¯9 (2)
By 16) in Lemma 8.5 and (1) :
(b3d3)y9 = z9y9 = (d3y9)b3 = b
2
3 + x15b3 + x9b3,
by 8) in Lemma 8.3 and Hypothesis 8.1 and 1) in Lemma 8.8 :
c3 + b6 + 2y15 + b6 + y9 + y9 + y15 + y3 = z9y9,
3y15 + 2b6 + 2y9 + c3 + y3 = z9y9. (3)
By the associative law and Hypothesis 8.1 and 4) in Lemma 8.7:
(b3b3)c8 = b3(b3c8), c8 + c8b8 = x9b3 + x15b3,
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then by 2) in Lemma 8.7 and 2) in Lemma 8.6:
c8b8 = 2x10 + 2z9 + b8 + c8 + b5 + c5. (4)
By the associative law and 2) in Lemma 8.1 and 3) in Lemma 8.5:
(b3c3)d3 = (b3d3)c3, b3d¯3 + x6d3 = y9c3,
then by 16) in Lemma 8.5 and 5) in Lemma 8.7 :
y9c3 = z9 + x10 + c8. (5)
By the associative law and 7) in Lemma 8.3 and 4) in Lemma 8.2 :
(x26)c3 = x6(x6c3), 2b6c3 + y15c3 + y9c3 = b3x6 + x15x6,
then by (5) and 3) in Lemma 8.2 and 8)in Lemma 8.6 :
2b8 + 2x10 + x10 + b8 + z9 + c8 + b5 + c5 + z9 + x10 + c8 = b8 + x10 + x15x6,
x15x6 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5. (6)
By associative law , 9) in Lemma 8.7 and 3) in Lemma 8.2 :
(x6b3)d3 = (x6d3)b3, b8d3 + x10d3 = y15b3 + y3b3,
then by 4) in Lemma 8.3 and 13) in Lemma 8.8
b8d3 + x10d3 = 2x15 + x6 + x9 + x9,
by 13) in Lemma 8.5
x10d3 = x15 + x6 + x9. (7)
So
(d3x9, x10) = (d3x10, x9) = 1,
and by 13) in Lemma 8.5 ,
(d3x9, b8) = (d3b8, x9) = 1
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and by (2)
(d3x9, z9) = (d3z9, x9) = 1,
so
d3x9 = x10 + b8 + z9. (8)
By the associative law and 15) in Lemma 8.5 and (1) :
(d23)y9 = d3(d3y9), b6y9 + y3y9 = b3d3 + x15d3 + x9d3,
then by 16) in Lemma 8.5 and (8) and 8) in Lemma 8.8 :
b6y9 + y3y9 = z9 + b8 + z9 + b5 + c5 + x10 + c8 + x10 + b8 + z9,
b6y9 + y3y9 = 3z9 + 2b8 + b5 + c5 + c8 + 2x10.
by 5), 6) in Lemma 8.8 and 9) in Lemma 8.3 :
(b6y9, b8) = (y9, b6b8) = 1, (b6y9, x10) = (y9, b6x10) = 1, (b6y9, z9) = (y9, z9b6) = 2,
hence
y3y9 = z9 + b8 + x10. (9)
therefore
b6y9 = 2z9 + b8 + x10 + b5 + c5 + c8. (10)
By the associative law and 10) in Lemma 8.5 and 1) in Lemma 8.2:
(b6b3)x15 = b3(b6x15), b3x15 + x
2
15 = 4x15b3 + x6b3 + 2x9b3 + b
2
3 + d3b3.
by 8) in Lemma 8.3 and 5) in Lemma 8.2 and 1) in Lemma 8.8 and
Hypothesis 8.1 and 3) in Lemma 8.5
x215 = 6y15+3b6+3y9+c3+y15+2y9+2y15+2y3+c3+b6+y9, x
2
15 = 9y15+4b6+6y9+2c3+2y3.
By the associative law and 5) in Lemma 8.3 and 1) in Lemma 8.2 :
(x6b6)b3 = x6(b6b3), 2x6b3 + x15b3 + x9b3 = b3x6 + x15x6,
then by 5) in Lemma 8.2 and 8) in Lemma 8.3 and 1) in Lemma 8.8 :
2c3+2y15+2y15+b6+y9+y15+y3 = c3+y15+x15x6, x15x6 = c3+4y15+b6+2y9+y3.
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Lemma 8.10. Let(A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.9 hold and we get the following :
1) y3c3 = z9,
2) z9c3 = y9 + y15 + y3,
3) y3b8 = y9 + y15,
4) z9b8 = 2z9 + 2x10 + 2c8 + b8 + b5 + c5,
5) z29 = 1 + 2x10 + 2z9 + 2b8 + 2c8 + b5 + c5,
6) c28 = 1 + 2c8 + 2x10 + b8 + z9 + b5 = c5,
7) c8c3 = y15 + y9,
8) x29 = 2b6 + 3y15 + 2y9 + y3 + c3,
9) c8y3 = b6 + y3 + y15,
10) x10y3 = b6 + y3 + y15,
11) d3y3 = d3 + x6,
12) x6y3 = d3 + x15,
13) x15y3 = 2x15 + x6 + x9.
Proof. :By the associative law and Hypothesis 8.1 and 13) in Lemma
8.8:
y3(b
2
3) = x9b3, y3c3 + y3b6 = x9b3,
then by 2) in Lemma 8.7
y3c3 + y3b6 = z9 + x10 + c8,
then by 7) in Lemma 8.8
y3c3 = z9. (1)
By 1), 16) in Lemma 8.5 and the associative law and 1) in Lemma 8.8:
b3(c3d3) = (b3c3)d3 = (b3d3)c3 = z9c3, b3x9 = z9c3,
then
z9c3 = y9 + y15 + y3. (2)
So by (1) and 1) in Lemma 8.1 and the associative law :
y3(c
2
3) = z9c3, y3 + y3b8 = y9 + y15 + y3,
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Thus
y3b8 = y9 + y15.(3)
By (2) and the associative law and 1) in Lemma 8.1:
z9(c
2
3) = y9c3 + y15c3 + y3c3, z9 + z9b8 = y9c3 + y15c3 + y3c3,
so by (1) and 8) in Lemma 8.6 and 5) in Lemma 8.9 :
z9 + z9b8 = z9 + x10 + c8 + x10 + b8 + c8 + z9 + b5 + c5 + z9,
z9b8 = 2z9 + 2x10 + 2c8 + b8 + b5 + c5. (4)
By 17) in Lemma 8.5 and 1) in Lemma 8.1 and (1) :
y23c
2
3 = z
2
9 , (1 + c8)(1 + b8) = z
2
9 , 1 + b8 + c8 + c8b8 = z
2
9 ,
by 4) in Lemma 8.9
z29 = 1 + 2x10 + 2z9 + 2b8 + 2c8 + b5 + c5. (5)
By the associative law and 14) in Lemma 8.5 and 7) in Lemma 8.7:
(d3d3)c8 = d3(d3c8), c8 + c
2
8 = d3x15 + x6d3 + d3d3,
then by 5) in Lemma 8.7 and 8) in Lemma 8.8 :
c8 + c
2
8 = b8 + z9 + b5 + c5 + x10 + c8 + x10 + c8 + 1 + c8,
c28 = 1 + 2c8 + 2x10 + b8 + z9 + b5 + c5. (6)
By 1), 12) in Lemma 8.5 and the associative law :
d3(d3c3) = c3 + c8c3, d3x9 = c3 + c8c3,
then by 2) in Lemma 8.8
c8c3 = y15 + y9. (7)
By the associative law and 13) in Lemma 8.8 and 17) in Lemma 8.5 and
Hypothesis 8.1:
b23y
2
3 = x
2
9, (c3 + b6)(1 + c8) = x
2
9, c3 + b6 + c3c8 + b6c8 = x
2
9,
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then by (7) and 4) in Lemma 8.8 :
c3 + b6+ y15+ y9+2y15 + y3+ y9+ b6 = x
2
9, x
2
9 = 2b6 +3y15+2y9 + y3+ c3.
By the associative law and 4), 7) in Lemma 8.8 and 17) in Lemma 8.5:
(y23)b6 = y3(y3b6), b6+c8b6 = c8y3+x10y3, 2y15+y3+y9+2b6 = c8y3+x10y3,
by 9) in Lemma 8.9, 4) in Lemma 8.8 and 15) in Lemma 8.5: (c8y3, b6) =
(y3, c8b6) = 1, (c8y3, y3) = (c8, y
2
3) = 1, (c8y3, y9) = (c8, y3y9) = 0. So
c8y3 = b6 + y3 + y15, (9)
then
x10y3 = b6 + y9 + y15. (10)
By the associative law and 8) in Lemma 8.7 and 17) in Lemma 8.5:
(y23)d3 = y3(y3d3), d3 + d3c8 = x6y3 + d3y3,
by 7) in Lemma 8.7, 2d3 + x15 + x6 = x6y3 + d3y3, by 15) in Lemma 8.5
, (d3y3, d3) = (d
2
3, y3) = 1. So
d3y3 = d3 + x6, (11)
then
x6y3 = d3 + x15. (12)
By the associative law and 6) in Lemma 8.7 and 7) in Lemma 8.8:
(d3b6)y3 = d3(y3b6), d3y3 + x15y3 = c8d3 + x10d3,
then by 7) in Lemma 8.9 and 7) in Lemma 8.7 and (11):
d3 + x6 + x15y3 = x15 + x6 + d3 + x15 + x6 + x9, y15y3 = 2x15 + x6 + x9.
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Lemma 8.11. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.10 hold and we get the following :
(1) z9x10 = 3x10 + 2b8 + 2z9 + 2c8 + b5 + c5,
(2) z9c8 = 2x10 + 2b8 + 2z9 + b5 + c5 + c8,
(3) c8x10 = 2x10 + 2c8 + 2b8 + 2z9 + b5 + c5,
(4) y29 = 1 + 2z9 + 2b8 + 2c8 + 2x10 + b5 + c5,
(5) x9c8 = 3x15 + x6 + 2x9 + b3,
(6) x9y3 = b3 + x9 + x15,
(7) x9x9 = 1 + 2b8 + 2x10 + 2c8 + 2z9 + b5 + c5,
(8) x9y9 = d3 + 3x15 + 2x9 + b3 + 2x6,
(9) z9y3 = y9 + c3 + y15,
(10) x9z9 = 3x15 + 2x9 + 2x6 + b3 + d3.
Proof. : By the associative law and 7) in Lemma 8.9 and 16) in Lemma
8.5 :
(b3d3)x10 = b3(d3x10), z9x10 = x15b3 + x6b3 + x9b3.
Then by 2) in Lemma 8.6 and 3) in Lemma 8.2 and 2) in Lemma 8.7:
z9x10 = x10 + b8 + c8 + z9 + b5 + c5 + b8 + x10 + z9 + x10 + c8,
z9x10 = 3x10 + 2b8 + 2z9 + 2c8 + b5 + c5. (1)
By the associative law and 16) in Lemma 8.5 and 7) in Lemma 8.7:
(b3d3)c8 = b3(d3c8), z9c8 = x15b3 + x6b3 + d3b3,
then by 2) in Lemma 8.6 and 3) in Lemma 8.2 and 16) in Lemma 8.5,
we get z9c8 = x10 + b8 + c8 + z9 + b5 + c5 + b8 + x10 + z9 and
z9c8 = 2x10 + 2b8 + 2z9 + b5 + c5 + c8. (2)
By the associative law and 7) in Lemma 8.9 and 14) in Lemma 8.5 :
(d3d3)x10 = d3(d3x10), x10 + c8x10 = d3x15 + d3x6 + d3x9,
then by 5) in Lemma 8.7 and 8) in Lemma 8.8 and 8) in Lemma 8.9,it
follows that x10+ c8x10 = b8+z9+ b5+ c5+x10+ c8+x10+ c8+x10+ b8+z9
and
c8x10 = 2x10 + 2c8 + 2b8 + 2z9 + b5 + c5. (3)
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By the associative law and 3), 15) in Lemma 8.5 and Hypothesis
8.1,one has
b23d
2
3 = y
2
9, (c3 + b6)(b6 + y3) = y
2
9, c3b6 + c3y3 + b
2
6 + b6y3 = y
2
9,
then by 3) in Lemma 8.2 and 1) in Lemma 8.10 and 3) in Lemma 8.6 and
7) in Lemma 8.8we have y29 = b8+x10+z9+1+b8+z9+c8+b5+c5+c8+x10,
so
y29 = 1 + 2z9 + 2b8 + 2c8 + 2x10 + b5 + c5. (4)
By the associative law and 13) in Lemma 8.8 and 9) in Lemma 8.10 :
(b3y3)c8 = b3(y3c8), x9c8 = b6b3 + y3b3 + y15b3,
then by 13) in Lemma 8.8 and 1) in Lemma 8.2 and 4) in Lemma
8.3,x9c8 = b3 + x15 + x9 + 2x15 + x6 + x9 and
x9c8 = b3 + 3x15 + 2x9 + x6. (5)
By the associative law and 13) in Lemma 8.8 and 17) in Lemma 8.5 :
(y23)b3 = y3(y3b3), b3 + c8b3 = x9y3,
then 4) in Lemma 8.7
x9y13 = b3 + x9 + x15. (6)
By the associative law and 13) in Lemma 8.8 and (6) :
(b3y3)x9 = b3(y3x9), x9x9 = b3b3 + b3x9 + b3x15,
then by Hypothesis 8.1 and 2) in Lemma 8.7 and 2) in Lemma 8.6 :
x9x9 = 1 + b8 + z9 + x10 + c8 + x10 + b8 + c8 + z9 + b5 + c5,
x9x9 = 1 + 2b8 + 2x10 + 2x10 + 2c8 + 2z9 + b5 + c5. (7)
By the associative law and 13) in Lemma 8.8 and 9) in Lemma 8.9 :
(b3y3)y9 = b3(y3y9), x9y9 = z9b3 + b8b3 + x10b3,
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then by 1) in Lemma 8.7 and 2) in Lemma 8.2 and 1) in Lemma 8.3:
x9y9 = x9+d3+x15+x6+b3+x15+x15+x6+x9 = 2x9+3x15+2x6+d3+b3.
(8)
By the associative law and 16) in Lemma 8.5 and 11) in Lemma 8.10:
(b3d3)y3 = (d3y3)b3, z9y3 = d3b3 + x6b3,
then by 3) in Lemma 8.5 and 5) in Lemma 8.2
z9y3 = y9 + c3 + y15. (9)
By the associative law and 13) in Lemma 8.8 and (9) :
(z9y3)b3 = z9(y3b3), y9b3 + c3b3 + y15b3 = z9x9,
then 5) in Lemma 8.5 and 2) in Lemma 8.11 and 4) in Lemma 8.3 :
z9x9 = d3+x9+x15+b3+x6+2x15+x6+x9 = 3x15+2x9+2x6+b3+d3. (10)
Lemma 8.12. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.1 hold and we get the following :
(1) x15c8 = 5x15 + 2x6 + 3x9 + b3 + d3,
(2) x15x9 = 6y15 + 3y9 + 2b6 + c3 + y − 3,
(3) x9x15 = 3b8 + 4x10 + 3z9 + 3c8 + 2b5 + 2c5,
(4) x15y15 = 4x6 + 9x15 + 6x9 + 2b3 + 2d3,
(5) x15y9 = 6x15 + 2x6 + 3x9 + b3 + d3,
(6) x9x6 = 2z9 + x10 + b8 + c8 + b5 + c5,
(7) x6x9 = 2y9 + 2z15 + b6,
(8) x6y9 = 2x15 + 2x9 + x6,
(9) x6z9 = 2x15 + 2x9 + x6,
(10) x6c8 = 2x15 + x6 + x9 + d3,
(11) y15y9 = 4x10 + 3b8 + 3z9 + 3c8 + 2c5 + 2b5.
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Proof. : By the associative law and 6), 7) in Lemma 8.7 :
(d3b6)c8 = b6(d3c8),
d3c8 + x15c8 = x15b6 + x6b6 + d3b6,
then by 7) in Lemma 8.7 and 6), 10) in Lemma 8.5 , 5) in Lemma 8.3 :
x15 + x6d3 + x15c8 = 4x15 + x6 + 2x9 + b3 + d3 + 2x6 + x15 + x9 + d3 + x15,
x15c8 = 5x15 + 2x6 + 3x9 + b3 + d3. (1)
By the associative law and 8) in Lemma 8.9 and 6) in Lemma 8.7 :
(d3b6)x9 = b6(d3x9), d3x9 + x15x9 = x10b6 + b8b6 + z9b6,
then by and 9) in Lemma 8.3 and 2), 5), 6) in Lemma 8.8 :
y15+c3+y9+x15x9 = 3y15+y3+c3+y9+2y15+b6+c3+y9+2y15+2y9+b6,
x15x9 = 6y15 + 3y9 + 2b6 + c3 + y3. (2)
By 13) in Lemma 8.8 and 13) in Lemma 8.10 :
b3(y3x15) = (b3y3)x15 = x9x15, 2x15b3 + x6b3 + x9b3 = x9x15.
and 2) in Lemma 8.7 and 3) in Lemma 8.2 and 2) in Lemma 8.6 :
2x10 + 2b8 + 2c8 + 2z9 + 2b5 + 2c5 + b8 + x10 + z9 + x10 + c8 = x9x15,
x9x15 = 3b8 + 4x10 + 3z9 + 3c8 + 2b5 + 2c5. (3)
By 11), 12) in Lemma 8.9 and by (2) and 8) in Lemma 8.3 and 3) in
Lemma 8.8 :
(x15y15, x6) = (x15x6, y15) = 4, (x15y15, x15) = (x
2
15, y15) = 9,
(x15y15, x9) = (x15x9, y15) = 6, (x15y15, b3) = (x15b3, y15) = 2,
(x15y15, d3) = (x15d3, y15) = 2.
Then
x15y15 = 4x6 + 9x15 + 6x9 + 2b3 + 2d3. (4)
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By (2) and 11), 12) in Lemma 8.9 and 8) in Lemma 8.3 and 3) in Lemma
8.8:
(x15y9, x15) = (y9, x
2
15) = 6, (x15y9, x6) = (x15x6, y9) = 2,
(x15y9, x9) = (x15x9, y9) = 3, (x15y9, b3) = (x15b3, y9) = 1,
(x15y9, d3) = (x15d3, y9) = 1.
Then
x15y9 = 6x15 + 2x6 + 3x9 + b3 + d3. (5)
By the associative law and 13) in Lemma 8.8 and 12) in Lemma 8.10:
b3(y3x6) = (b3y3)x6 = x9x6,
b3d3 + b3x15 = x9x6,
then by 16) in Lemma 8.5 and 2) in Lemma 8.6
2z9 + x10 + b8 + c8 + b5 + c5 = x9x6. (6)
By the associative law and 13) in Lemma 8.8 and 12) in Lemma 8.10:
b3(y3x6) = x9x6, b3d3 + x15b3 = x9x6,
so by 3) in Lemma 8.5 and 8) in Lemma 8.3
x6x9 = 2y9 + 2y15 + b6. (7)
By the associative law and 3) in Lemma 8.5 and 9) in Lemma 8.7 :
b3(d3x6) = (b3d3)x6 = x6y9,
b3y15 + b3y3 = x6y9. (8)
By 16) in Lemma 8.5 and 5) in Lemma 8.7 and the associative law :
x6(b3d3) = b3(x6d3), x6z9 = x10b3 + c8b3,
then by 1) in Lemma 8.3 and 4) in Lemma 8.7 :
x6z9 = x15 + x6 + x9 + x9 + x15 = 2x15 + 2x9 + x6. (9)
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By (1) and 4) in Lemma 8.6 and 5) in Lemma 8.11 and 7) in Lemma
8.7:
(x6c8, x15) = (x6, c8x15) = 2, (x6c8, x6) = (x6x6, c8) = 1,
(x6c8, x9) = (x6, c8x9) = 1, (x6c8, d3) = (c8d3, x6) = 1,
then
x6c8 = 2x15 + x6 + x9 + d3. (10)
By the associative law and 9) in Lemma 8.7 and 1) in Lemma 8.9 :
(d3x6)y9 = (d3y9)x6, y15y9 + y9y3 = b3x6 + x15x6 + x9x6,
then by (6) and 6), 9) in Lemma 8.9 and 3) in Lemma 8.2 :
y15y9 + z9 + b8 + x10 = b8 + x10 + 2b8 + 3x10 + 2z9 + 2c8
+b5 + c5 + 2z9 + x10 + b8 + c8 + b5 + c5,
y15y9 = 4x10 + 3b8 + 3z9 + 3c8 + 2c5 + 2b5,
Lemma 8.13. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.12 hold and we get the following :
1) y3y15 = x10 + b8 + b5 + c5 + c8 + z9,
2) y215 = 1 + 3b5 + 6x10 + 6z9 + 5b8 + 3c5 + 5c8,
3) x10y15 = 6y15 + 3b6 + 4y9 + c3 + y3,
4) z9x10 = 3x10 + b5 + c5 + 2b8 + 2z9 + 2c8,
5) y9x10 = 4y15 + 2y9 + y3 + b6 + c3,
6) y9c8 = 3y15 + 2y9 + b6 + c3,
7) z9y15 = 6y15 + 2b6 + 3y9 + c3 + y3,
8) x10x15 = 3x6 + 6x15 + b3 + d3 + 4x9,
9) x10x9 = 4x15 + x6 + 2x9 + b3 + d3,
10) b6x9 = 2x15 + 2x9 + x6,
11) b8y9 = 3y15 + y3,
12) x6d3 = y15 + y3,
13) b8y15 = 5y15 + 2b6 + 3y9 + c3 + y3,
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14) x15z9 = 2x6 + 6x15 + b3 + d3 + 3x9,
15) x9y15 = 6x15 + 2x6 + 3x9 + b3 + d3,
16) y15c8 = 2b6 + 5y15 + c3 + y3 + 3y9.
Proof. : By the associative law and 9) in Lemma 8.7 and 15) in Lemma
8.5 and 7) in Lemma 8.3 :
d23x
2
6 = y
2
15 + 2y15y3 + y
2
3,
(b6 + y3)(2b6 + y15 + y9) = y
2
15 + 2y15y3 + y
2
3,
2b26 + y15b6 + b6y9 + 2b6y3 + y3y15 + y3y9 = y
2
15 + 2y15y3 + y
2
3,
by 3) in Lemma 8.6 and 7) , 9) , 10) in Lemma 8.8 and 9) in Lemma
8.9 and 17) in Lemma 8.5:
y215 + 1 + c8 + y15y3 = 2 + 2b8 + 2z9 + 2c8 + 2b5 + 2c5 + 2b8 + 3x10
+2z9 + 2c8 + b5 + c5 + b8 + 2z9 + b5 + c5 + x10 + c8(1).
By the associative law and 11), 15) in Lemma 8.5:
(d23)y15 = (d3y15)d3, b6y15 + y3y15 = 2x15d3 + x6d3 + x9d3,
so by 8) , 9) in Lemma 8.8 and 5) in Lemma 8.7 and 8) in Lemma 8.9 :
2b8 + 3x10 + 2z9 + 2c8 + b5 + c5 + y3y15 = 2b8 + 2z9 + 2b5 + 2c5 + 2x10 + 2c8
+x10 + c8 + x10 + b8 + z9,
y3y15 = x10 + b8 + b5 + c5 + c8 + z9. (2)
then by (1),
y215 = 1 + 3b5 + 6x10 + 6z9 + 5b8 + 3c5 + 5c8. (3)
By 9) in Lemma 8.8 and 11) in Lemma 8.12 and 8) in Lemma 8.6 and
(2) :
(x10y15, y15) = (x10, y
2
15) = 6, (x10y15, b6) = (x10, y15b6) = 3,
(x10y15, y9) = (x10, y15y9) = 4, (x10y15, c3) = (x10, y15c3) = 1,
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(y15x10, y3) = (x10, y15y3) = 1.
So
x10y15 = 6y15 + 3b6 + 4y9 + c3 + y3. (4)
By 16) in Lemma 8.5 and 7) in Lemma 8.9 :
b3(d3x10) = (b3d3)x10 = z9x10,
x15b3 + x6b3 + x9b3 = z9x10,
then by 2) in Lemma 8.6 and 3) in Lemma 8.2 and 2) in Lemma 8.7:
x10 + b8 + c8 + z9 + b5 + c5 + b8 + x10 + z9 + x10 + c8 = z9x10,
z9x10 = 3x10 + b5 + c5 + 2b8 + 2z9 + 2c8. (5)
Lemma 8.14. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then b5 6= c5.
Proof. Assume b5 = c5. By 2) in Lemma 8.6, (b3b5, x15) = (b5, b3x15) =
1, (b3b5, x15) = (b3x15, b5) = 1, then
b3b5 = x15, (1)
b3b5 = x15. (2)
By 9), 10) in Lemma 8.8 and 3) in Lemma 8.6:
(b6b5, y15) = (b5, b6y15) = 1,
(b6b5, y9) = (b5, b6y9) = 1,
(b6b5, b6) = (b5, b
2
6) = 1,
then
b6b5 = y15 + y9 + b6. (3)
By 4) in Lemma 8.6 and 6) in Lemma 8.9 and 6) in Lemma 8.12:
(x6b5, x6) = (b5, x6x6) = 1,
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(x6b5, x15) = (b5, x6x15) = 1,
(x6b5, x9) = (b5, x6x9) = 1
then
x6b5 = x6 + x15 + x9. (4)
By 6) in Lemma 8.9 and 6) in Lemma 8.12 and 4) in Lemma 8.6:
(x6b5, x15) = (b5, x6x15) = 1,
(x6b5, x9) = (x6x9, b5) = 1,
(x6b5, x6) = (x6x6, b5) = 1
then
x6b5 = x15 + x9 + x6. (5)
By 6) in Lemma 8.9 and 8), 11) in Lemma 8.8 and 2) in Lemma 8.6
and 3) in Lemma 8.12:
(x15b5, x6) = (b5, x15x6) = 1,
(x15b5, d3) = (x15d3, b5) = 1,
(x15b5, x15) = (b5, x15x15) = 3,
(x15b5, x9) = (b5, x15x9) = 2,
(x15b5, b3) = (x15b3, b5) = 1,
then
x15b5 = x6 + 3x15 + 2x9 + b3 + d3. (6)
By 6) in Lemma 8.9 and 8), 11) in Lemma 8.8 and 3) in Lemma 8.12
and 2) in Lemma 8.6
(x15b5, x6) = (b5, x15x6) = 1,
(x15b5, d3) = (b5, x15d3) = 1,
(x15b5, x15) = (x15x15, b5) = 3,
(x15b5, x9) = (x15x9, b5) = 1,
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(x15b5, b3) = (x15b3, b5) = 1,
then
x15b5 = x6 + 3x15 + 2x9 + b3 + d3. (7)
By 3), 6) in Lemma 8.12 and 7) in Lemma 8.11:
(x9b5, x15) = (x9x15, b5) = 2,
(x9b5, x6) = (b5, x9x6) = 1,
(x9b5, x9) = (x9x9, b5) = 1,
then
x9b5 = 2x15 + x6 + x9. (8)
By 3), 6) in Lemma 8.12 and 7) in Lemma 8.11:
(x9b5, x15) = (x9x15, b5) = 2,
(x9b5, x6) = (b5, x9x6) = 1,
(x9b5, x9) = (x9x9x9, b5) = 1,
then
x9b5 = 2x15 + x6 + x9. (9)
By 9) in Lemma 8.8 and 1), 2) in Lemma 8.13 and 11) in Lemma 8.12
and 8) in Lemma 8.6
(y15b5, b6) = (b5, y15b6) = 1,
(y15b5, y15) = (b5, y
2
15) = 3,
(y15b5, y3) = (y15y3, b5) = 1,
(y15b5, c3) = (b5, y15c3) = 1,
(y15b5, y9) = (b5, y15y9) = 2,
then
y15b5 = b6 + 3y15 + 2y9 + c3 + y3. (10)
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By 11) in Lemma 8.12 and 10) in Lemma 8.8 and 4) in Lemma 8.11:
(y9b5, y15) = (b5, y9y15) = 2,
(y9b5, b6) = (b5, y9b6) = 1,
(y9b5, y9) = (b5, y
2
9) = 1,
then
y9b5 = 2y15 + b6 + y9. (11)
By 8) in Lemma 8.8 ,
(d3b5, x15) = (d3x15, b5) = 1,
(d3b5, x15) = (b5, d3x15) = 1,
then
d3b5 = x15, (12)
d3b5 = x15. (13)
Then by 16) in Lemma 8.5 and associative law:
b3(b5d3) = (b3d3)b5, x15b3 = z9b5,
then by 2) in Lemma 8.6,
z9b5 = x10 + b8 + c8 + z9 + b5 + c5. (14)
By 1) in Lemma 8.13, (y3b5, y15) = (b5, y3y15) = 1, then
y3b5 = y15. (15)
Then 1 = (y3b5, y3b5) = (b
2
5, y
2
3), then by 17) in Lemma 8.5,
(b25, c8) = 1, (16)
By (1), (2) we get 1 = (b3b5, b3b5) = (b3b3, b
2
5), then by Hypothesis 8.1,
(b25, b8) = 1. (17)
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By (2), (12) 1 = (d3b5, b3b5) = (d3b3, b
2
5), then by 16) in Lemma 8.5
(b25, z9) = 1, so by (16), (17), we get
b25 = c8 + b8 + z9. (18)
By (1) 1 = (b3b5, b3b5) = (b3b3, b5b5), then by Hypothesis 8.1,
(b5b5, b8) = 0. (19)
By (2), (4) , 1 = (x6b5, b3b5) = (x6b3, b5b5), then by 3) in Lemma 8.2 and
(19):
(b5b5, x10) = 1.
By (13), 3 = (b6b5, b6b5) = (b
2
6, b5b5), so by 3) in Lemma 8.6, m5 = b5, or
m5 = b5, in the two cases (b5b5, b5) 6= 0 or (b5b5, b5) 6= 0, a contradiction
to (18).
Lemma 8.15. Let (A, B) satisfy Hypothesis 8.1 and (b8b3, b8b3) = 3,
then Lemma 8.13 hold and we get following:
1) b3b5 = x15;
2) b3b5 = x15;
3) b6b5 = b6 + y15 + y9;
4) b6c5 = b6 + y15 + y9;
5) b5x6 = x15 + x9 + x6;
6) c5x6 = x15 + x9 + x6;
7) x15b5 = x6 + d3 + 3x15 + b3 + 2x9;
8) x15c5 = x6 + d3 + 3x15 + b3 + 2x9;
9) x9b5 = 2x15 + x6 + x9;
10) x9c5 = 2x15 + x6 + x9;
11) y15b5 = b6 + y3 + 3y15 + 2y9 + c3;
12) y15c5 = b6 + y3 + 3y15 + 2y9 + c3;
13) y9b5 = 2y15 + b6 + y9;
14) y9c5 = 2y15 + b6 + y9;
15) d3b5 = x15;
16) d3c5 = x15;
17) z9b5 = x10 + b8 + c8 + z9 + b5 + c5;
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18) z9c5 = x10 + b8 + c8 + z9 + b5 + c5;
19) y3b5 = y15;
20) y3c5 = y15;
21) c5b5 = c8 + b8 + z9;
22) b8b5 = x10 + b8 + c8 + c5 + z9;
23) b8c5 = x10 + b8 + c8 + c5 + z9;
24) b25 = 1 + b5 + z9 + x10;
25) c25 = 1 + c5 + z9 + x10;
26) b5x10 = 2x10 + b8 + z9 + b5 + c8;
27) c5x10 = 2x10 + b8 + z9 + c5 + c8;
28) c8b5 = b8 + z9 + c5 + x10 + c8;
29) c8c5 = b8 + z9 + x10 + c8 + b5.
Proof. By 2) in Lemma 8.6 , (b3b5, x15) = (b3x15, b5) = 1, (b3c5, x15) =
(b3x15, c5) = 1, then
b3b5 = x15, (1)
b3c5 = x15. (2)
By 9), 10) in Lemma 8.8 and 3) in Lemma 8.6:
(b6b5, b6) = (b
2
6, b5) = 1, (b6c5, b6) = (b
2
6, c5) = 1.
(b6b5, y15) = (b5, b6y15) = 1, (b6c5, y15) = (c5, b6y15) = 1.
(b6b5, y9) = (b5, b6y9) = 1, (b6c5, y9) = (c5, b6y9) = 1.
then
b5b6 = b6 + y15 + y9 (3),
b6c5 = y15 + y9 + b6. (4)
By 4) in Lemma 8.6 and 6) in Lemma 8.9 and 6) in Lemma 8.12:
(b5x6, x6) = (b5, x6x6) = 1, (c5x6, x6) = (c5, x6x6) = 1.
(b5x6, x15) = (x6x15, b5) = 1, (c5x6, x15) = (x6x15, c5) = 1.
(b5x6, x9) = (x6x9, b5) = 1, (c5x6, x9) = (x6x9, c5) = 1.
then
b5x6 = x6 + x15 + x9 (5),
c5x6 = x15 + x9 + x6. (6)
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By 6) in Lemma 8.9 and 8), 11) in Lemma 8.8 and 2) in Lemma 8.6
and 3) in Lemma 8.12:
(x15b5, x6) = (b5, x15x6) = 1, (x15c5, x6) = (c5, x15x6) = 1.
(x15b5, d3) = (x15d3, b5) = 1, (x15c5, d3) = (x15d3, c5) = 1.
(x15b5, x15) = (x15x15, b5) = 3, (x15c5, x15) = (x15x15, c5) = 3.
(x15b5, b3) = (b5, x15b3) = 1, (x15c5, b3) = (c5, x15b3) = 1.
(x15b5, x9) = (b5, x15x9) = 2, (x15c5, x9) = (x15x9, c5) = 2.
then
x15b5 = x6 + d3 + 3x15 + b3 + 2x9 (7),
x15c5 = x6 + d3 + 3x15 + b3 + 2x9. (8)
By 3), 6) in Lemma 8.12 and 7) in Lemma 8.11:
(x9b5, x15) = (b5, x9x15) = 2, (x9c5, x15) = (c5, x9x15) = 2.
(x9b5, x6) = (b5, x9x6) = 1, (x9c5, x6) = (c5, x9x6) = 1.
(x9b5, x9) = (b5, x9x9) = 1, (x9c5, x9) = (c5, x9x9) = 1.
then
x9b5 = 2x15 + x6 + x9, (9)
x9c5 = 2x15 + x6 + x9. (10)
By 9) in Lemma 8.8 and 1), 2) in Lemma 8.13 and 11) in Lemma
8.12 and 8) in Lemma 8.6:
(y15b5, b6) = (y15b6, b5) = 1, (y15c5, b6) = (y15b6, c5) = 1.
(y15b5, y3) = (y15y3, b5) = 1, (y15c5, y3) = (y15y3, c5) = 1.
(y15b5, y15) = (b5, y
2
15) = 3, (y15c5, y15) = (y
2
15, c5) = 3.
(y15b6, c3) = (y15c3, b6) = 1, (y15c5, c3) = (y15c3, c5) = 1.
(y15b5, y9) = (y15y9, b5) = 2, (y15c5, y9) = (c5, y15y9) = 2.
Then
y15b5 = b6 + y3 + 3y15 + 2y9 + c3, (11)
y15c5 = b6 + y3 + 3y15 + 2y9 + c3. (12)
By 11) in Lemma 8.12 and 10) in Lemma 8.8 and 4) in Lemma 8.11:
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(y9b5, y15) = (b5, y9y15) = 2, (y9c5, y15) = (c5, y9y15) = 2.
(y9b5, b6) = (y9b6, b5) = 1, (y9c5, b6) = (y9b6, c5) = 1.
(y9b5, y9) = (b5, y
2
9) = 1, (y9c5, y9) = (c5, y
2
9) = 1.
then
y9b5 = 2y15 + b6 + y9, (13)
y9c5 = 2y15 + b6 + y9. (14)
By 8) in Lemma 8.8, (d3b5, x15) = (d3x15, b5) = 1, (d3c5, x15) =
(d3x15, c5) = 1.
then
d3b5 = x15, (15)
d3c5 = x15. (16)
So by the associative law and 16) in Lemma 8.5, we get (b3d3)b5 =
b3(d3b5), (b3d3)c5 = b3(d3c5), z9b5 = b3x15, z9c5 = b3x15, then by 2) in
Lemma 8.6 ,
z9b5 = x10 + b8 + c8 + z9 + b5 + c5, (17)
z9c5 = x10 + b8 + c8 + z9 + b5 + c5. (18)
By 1) in Lemma 8.13 , (y3b5, y15) = (b5, y3y15) = 1, (y3c5, y15) =
(c5, y3y15) = 1, then
y3b5 = y15, (19)
y3c5 = y15. (20)
So (y23 , b
2
5) = (y3b5, y3b5) = 1, (y
2
3 , c5b5) = (y3b5, y3c5) = 1, then by 17)
in Lemma 8.5 , (c5b5, c8) = 1. By (1), (2), (b3b3, b5c5) = (b3b5, b3c5) = 1.
then by Hypothesis 8.1, (c5b5, b8) = 1. By (17),
c5b5 = c8 + b8 + z9. (21)
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By the associative andHypothesis 8.1 and (1), (2), it follows that(b3b3)b5 =
(b3b5)b3, (b3b3)c5 = (b3c5)b3, b5 + b8b5 = x15b3, c5 + b8c5 = x15b3, then by
2) in Lemma 8.6,
b8b5 = x10 + b8 + c8 + c5 + z9, (22)
b8c5 = x10 + b8 + c8 + b5 + z9. (23)
By 5) in Lemma 8.6, (x10b5, x10) = (b5, x
2
10) = 2, (x10c5, x10) =
(c5, x
2
10) = 2. By (22) and (23), (x10b5, b8) = (x10, b5b8) = 1, (x10c5, b8) =
(x10, c5b8) = 1. By (17), (18), (x10b5, z9) = (x10, z9b5) = 1, (x10c5, b8) =
(x10, c5b8) = 1, (b
2
5, z9) = (b5, b5z9) = 1 and (c
2
5, z9) = (c5, c5z9) = 1.
By (19), (20), we come to (y23 , b
2
5) = (y3b5, y3b5) = 1, (y
2
3, c
2
5) =
(y3c5, y3c5) = 1, then by 17) in Lemma 8.5 (b
2
5, c8) = 0, (c
2
5, c8) = 0.
By (1) and (2), we see that (b3b3, b
2
5) = (b3b5, b3b5) = 1, (b3b3, c
2
5) =
(b3c5, b3c5) = 1, then by Hypothesis 8.1, (b
2
5, b8) = 0, (c
2
5, b8) = 0 holds.
By (5), (6), (15) and (16), (b25, d3x6) = (b5d3, b5x6) = 1, (c
2
5, d3x6) =
(c5d¯3, c5x6) = 1, so by 5) in Lemma 8.7, (b
2
5, x10) = 1, (c
2
5, x10) = 1.
By (5), (21) and (6) we have the following inner-products: (b25, x6x6) =
(b5x6, b5x6) = 3, (c
2
5, x6x6) = (c5x6, c5x6) = 3. (c
2
5, b5) = (c5, c5b5) =
0 and (b25, c5) = (b5, b5c5) = 0, then by 4) in Lemma 8.6 (b
2
5, b5) =
1, (c25, c5) = 1, hence
b25 = 1 + b5 + z9 + x10, c
2
5 = 1 + b5 + z9 + x10.
So (b5x10, b5) = (x10, b
2
5) = 1, (c5x10, c5) = (x10, c
2
5) = 1.
By 14) in Lemma 8.5 and (15), (16), one has b5(d3d3) = d3(b5d3), c5(d3d3) =
d3(c5d3). Hence b5 + c8b5 = x15d3, c5 + c8c5 = d3x15.
Therefore by 8) in Lemma 8.8, we have equations c8b5 = b8+ z9+ c5+
x10 + c8 and c8c5 = b8 + z9 + x10 + c8 + b5. Consequently (b5x10, c8) =
(x10, b5c8) = (x10, c5c8) = 1.
At last we get b5x10 = c8 + 2x10 + b8 + z9 + b8 + z9 + b5 and c5x10 =
2x10 + b8 + z9 + c5 + c8.
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Theorem 8.1. Let (A, B) be a NITA generated by an non-real element
b3 ∈ B of degree 3 and without non-identity basis element of degree 1 or 2,
such that: b3b3 = 1 + b8 and b
2
3 = c3 + b6, c3 = c3, (b8b3, b8b3) = 3. Then
(A, B) is a table algebra of dimension 22:
B = {b1, b3, b3, c3, b6, x6, x6, b8, x15, x15, x10, x9, x9, y15, y9, d3, d3, z9, c8, b5, c5, y3}
and B has increasing series of table subsets {b1} ⊆ {b1, b8, x10, z9, c8, b5, c5} ⊆
B defined by:
1) b3b3 = 1 + b8;
2) b23 = c3 + b6;
3) b3c3 = b3 + x6;
4) b3b6 = b3 + x15;
5) b3x6 = c3 + y15;
6) b3x6 = b8 + x10;
7) b3b8 = x6 + b3 + x15;
8) b3x15 = 2y15 + b6 + y9;
9) b3x10 = x15 + x6 + x9;
10) b3x15 = x10 + b8 + z9 + c8 + b5 + c5;
11) b3x9 = y9 + y15 + y3;
12) b3x9 = x10 + z9 + c8;
13) b3y15 = 2x15 + x6 + x9;
14) b3y9 = d3 + x15 + x9;
15) b3d3 = z9;
16) b3d3 = y9;
17) b3z9 = x9 + d3 + x15;
18) b3c8 = x15 + x9;
19) b3b5 = x15;
20) b3c5 = x15;
21) b3y3 = x9;
22) c23 = 1 + b8;
23) c3b6 = b8 + x10;
24) c3x6 = b3 + x15;
25) c3b8 = b6 + c3 + y15;
26) c3x15 = 2x15 + x6 + x9;
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27) c3x10 = b6 + y15 + y9;
28) c3x9 = d3 + x15 + x9;
29) c3y15 = x10 + b8 + z9 + c8 + b5 + c5;
30) c3y9 = z9 + x10 + c8;
31) c3d3 = x9;
32) c3z9 = y3 + y9 + y15;
33) c3c8 = y9 + y15;
34) c3b5 = y15;
35) c3c5 = y15;
36) c3y3 = z9;
37) b26 = 1 + b8 + z9 + c8 + b5 + c5;
38) b6x6 = 2x6 + x15 + x9;
39) b6b8 = 2y15 + b6 + y9 + c3;
40) b6x15 = 4x15 + x6 + 2x9 + b3 + d3;
41) b6x10 = c3 + 3y15 + y9 + y3;
42) b6x9 = 2x15 + 2x9 + x6;
43) b6y15 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5;
44) b6y9 = b8 + 2z9 + c8 + x10 + b5 + c5;
45) b6d3 = d3 + x15;
46) b6z9 = 2y15 + 2y9 + b6;
47) b6c8 = b6 + y3 + y9 + 2y15;
48) b6b5 = y15 + y9 + b6;
49) b6c5 = y15 + b6 + y9;
50) b6y3 = x10 + c8;
51) x26 = 2b6 + y15 + y9;
52) x6x6 = 1 + b8 + z9 + c8 + b5 + c5;
53) x6b8 = b3 + 2x15 + x6 + x9;
54) x6x15 = 4y15 + b6 + 2y9 + c3 + y3;
55) x6x10 = b3 + 3x15 + d3 + x9;
56) x6x15 = 2b8 + 3x10 + 2z9 + 2c8 + b5 + c5;
57) x6x9 = 2y15 + 2y9 + b6;
58) x6x9 = x10 + b8 + 2z9 + c8 + b5 + c5;
59) x6y15 = 4x15 + 2x9 + x6 + b3 + d3;
60) x6y9 = 2x15 + 2x9 + x6;
165
61) x6d3 = x10 + c8;
62) x6d3 = y15 + y3;
63) x6z9 = 2x9 + 2x15 + x6;
64) x6c8 = 2x15 + x6 + x9 + d3;
65) x6b5 = x6 + x15 + x9;
66) x6c5 = x15 + x9 + x6;
67) x6y3 = d3 + x15;
68) b28 = 1 + 2b8 + 2x10 + z9 + c8 + b5 + c5;
69) b8x10 = 2x10 + 2z9 + 2c8 + 2b8 + b5 + c5;
70) b8x9 = 3x15 + 2x9 + x6 + d3;
71) b8y15 = 5y15 + 2b6 + 3y9 + c3 + y3;
72) b8y9 = 3y15 + 2y9 + b6 + y3;
73) b8d3 = x15 + x9;
74) b8z9 = 2x10 + b8 + 2c8 + 2z9 + b5 + c5;
75) b8c8 = 2x10 + 2z9 + b8 + c8 + b5 + c5;
76) b8b5 = b8 + z9 + c5 + c8 + x10;
77) b8c5 = b8 + x10 + c8 + z9 + b5;
78) b8y3 = y9 + y15;
79) b8x15 = 5x15 + 2x6 + 3x9 + b3 + d3;
80) x215 = 9y15 + 4b6 + 6y9 + 2c3 + 2y3;
81) x15x10 = 3x6 + 6x15 + b3 + d3 + 4x9;
82) x15x15 = 5b8 + 6x10 + 6z9 + 5c8 + 3b5 + 3c5 + 1;
83) x15x9 = 6y15 + 3y9 + 2b6 + c3 + y3;
84) x15x9 = 3b8 + 4x10 + 3z9 + 3c8 + 2b5 + 2c5;
85) x15y15 = 4x6 + 9x15 + 6x9 + 2b3 + 2d3;
86) x15y9 = 6x15 + 2x6 + 3x9 + b3 + d3;
87) x15d3 = b8 + z9 + b5 + c5 + x10 + c8;
88) x15d3 = 2y15 + y9 + b6;
89) x15z9 = 2x6 + 6x15 + b3 + d3 + 3x9;
90) x15c8 = 5x15 + 2x6 + 3x9 + b3 + d3;
91) x15b5 = x6 + 3x15 + 2x9 + b3 + d3;
92) x15c5 = x6 + 3x15 + 2x9 + b3 + d3;
93) x15y3 = x6 + 2x15 + x9;
94) x210 = 1 + 2b8 + 2x10 + 2c8 + 2b5 + 2c5 + 3z9;
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95) x10x9 = b3 + 4x15 + d3 + 2x9 + x6;
96) x10y15 = 6y15 + 3b6 + 4y9 + c3 + y3;
97) x10y9 = 4y15 + 2y9 + y3 + b6 + c3;
98) x10d3 = x15 + x6 + x9;
99) x10z9 = 3x10 + b5 + c5 + 2b8 + 2z9 + 2c8;
100) x10c8 = 2x10 + 2c8 + 2b8 + 2z9 + b5 + c5;
101) x10b5 = b8 + 2x10 + z9 + c8 + b5;
102) x10c5 = b8 + z9 + c5 + 2x10 + c8;
103) x10y3 = y15 + y9 + b6;
104) x29 = y3 + c3 + 2b6 + 3y15 + 2y9;
105) x9x9 = 1 + 2b8 + 2x10 + 2c8 + 2z9 + b5 + c5;
106) x9y15 = 6x15 + 2x6 + 3x9 + b3 + d3;
107) x9y9 = d3 + 3x15 + 2x9 + b3 + 2x6;
108) x9d3 = x10 + b8 + z9;
109) x9d3 = y9 + c3 + y15;
110) x9z9 = 3x15 + 2x9 + 2x6 + b3 + d3;
111) x9b5 = 2x15 + x6 + x9;
112) x9c5 = 2x15 + x6 + x9;
113) x9y3 = b3 + x9 + x15;
114) y215 = 1 + 3b5 + 6x10 + 6z9 + 5b8 + 3c5 + 5c8;
115) y15y9 = 4x10 + 3b8 + 3z9 + 3c8 + 2c5 + 2b5;
116) y15d3 = 2x15 + x6 + x9;
117) y15z9 = 6y15 + 2b6 + 3y9 + c3 + y3;
118) y15c8 = 2b6 + 5y15 + c3 + y3 + 3y9;
119) y15b5 = b6 + 3y15 + 2y9 + c3 + y3;
120) y15c5 = b6 + c3 + 3y15 + y3 + 2y9;
121) y15y3 = b5 + b8 + z9 + c5 + x10 + c8;
122) y29 = 1 + 2z9 + 2b8 + 2c8 + 2x10 + b5 + c5;
123) y9d3 = b3 + x15 + x9;
124) y9z9 = 3y15 + 2b6 + 2y9 + c3 + y3;
125) y9c8 = 3y15 + 2y9 + b6 + c3;
126) y9b5 = 2y15 + b6 + y9;
127) y9c5 = 2y15 + y9 + b6;
128) y9y3 = z9 + b8 + x10;
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129) d3d3 = 1 + c8;
130) d23 = b6 + y3;
131) d3z9 = b3 + x15 + x9;
132) d3c8 = x15 + d3 + x6;
133) d3b5 = x15;
134) d3c5 = x15;
135) d3y3 = d3 + x6;
136) z29 = 1 + 2x10 + 2z9 + 2b8 + 2c8 + b5 + c5;
137) z9c8 = 2x10 + 2b8 + 2z9 + b5 + c5 + c8;
138) z9b5 = x10 + b8 + z9 + c8 + b5 + c5;
139) z9c5 = x10 + b8 + z9 + c8 + b5 + c5;
140) z9y3 = y9 + c3 + y15;
141) c28 = 1 + 2c8 + 2x10 + b8 + z9 + b5 + c5;
142) c8b5 = b8 + z9 + c5 + x10 + c8;
143) c8c5 = b8 + z9 + x10 + c8 + b5;
144) c8y3 = b6 + y3 + y15;
145) b25 = 1 + b5 + x10 + z9;
146) b5c5 = b8 + z9 + c8;
147) b5y3 = y15;
148) c25 = 1 + z9 + x10 + c5;
149) c5y3 = y15;
150) y23 = 1 + c8.
Proof. The equations hold by lemmas 8.1-8.13 and 8.15.
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